quick reference

(1) DEFINITIONS. Let A = [a; ;] € C™*™, then
A® B := [ai,jB]
Vec(A) = [al,l ceeQm,a1 01,22 - Al - am,n]T

N

JAB: AB#B®A
(A9B)®C =A% (B®C)

! (A+B)®(C+D)=A®C+A®D+BC+B®D
M ® uB = AMi(A® B)

! (A® B)(C ® D) = AC ® BD
(A® B)f = At @ Bt
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8 tr(A ® B) = tr(A) tr(B)
9 Let {V1,Vs,...,V;} be alin. ind. set of non-null matrices.
k
! Y A4;@V;=0 & Vj: 4;=0
j=1
(10) ' Vec(A + B) = Vec(A) + Vec(B)
(11) Vec(AA) = A Vec(4)

(12) ¥ Vec(ABC) = (CT ® A)Vec(B)

(13) 1! tr(A + B) = tr(A) + tr(B)

(14) tr(AA) = A tr(A)

(15) ! tr(AB) = tr(BA)

(16) ! tr(AB) = (Vec(AT)) T Vec(B)

(17) DEFINITIONS.
U is a unitary operator if UTU = UU' = 1.
H is a hermitian operator if H' = H.
P is a projection operator if Pt =Pand P2=P.
Q is a positive operator if 35 : Q = S'S.
p is a density operator if p is positive and tr(p) = 1.
N is a normal operator if NTN = NNT.

(18) N is normal < N is unitarily diagonalizable.

(19) H is hermitian = e'¥ is unitary.

(20) Let X be an eigenvalue of operator A.

A is unitary = || = 1.

A is hermitian = A € R.

A is a projection = X € {0,1}.

A is positive = A > 0.

A is a density operator = 0 < A< 1.
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(21) Let {|6;)}1<j<n be any orthonormal basis of C", then

PZIES
j=1

! tr(A) = > _(6;]A[6;)

j=1
(22) 12 (Cauchy-Schwartz) ¥ i@, v : (i, V){7, @) < (@, @){T, D).

(23) U € C**" is unitary iff
3{16;)}, {I6)}, orthonormal bases of C" :

U= 16;)(6l
j=1

(24) (Pythagoras) Let {P;}1<j<k be projectors of C", then
k k
P;P; =0for i # j and Ztr(Pj):n & EPj =1.
Jj=1 7j=1

(25) 12 Q is positive < @ is hermitian and V |¢) : (|Q|¢) > 0.
(26) 2 p e C"™" is a density operator iff
{w;}, 0 <w; <1, 3w =1 and {|¢;)} :

p="_ wjld;)e;l-

i=1

(27) (spectral decomposition) N € C**™ is normal iff
3 {);}, Aj € C and {|6;)}, an orthonormal basis of C" :

N =" X16;)(6;1.
j=1

(28) (polar decomposition) Let A € C™*™, then
3 {a;}, a; > 0 and {|6;)}, {|6)}, orthonormal sets of

r vectors of C™, C" respectively :

A= a10,)(65).
Jj=1

IProvided that the dimensions of the matrices involved are compatible.
2The ket |3) notation is reserved for norm-1 vectors while @ denotes any vector.



