fidelity and entropy quick reference i

Let p1, p2 and p be states, let |1)) be a pure state, let U be a unitary transformation, let O be a superoperator,
all living or operating in the same space.

(F1) DEFINITION (fidelity).
2
Fiorupn) = (1r/Vipav )

(F2) 0< F(p1,p2) <1 and F(p1,p2) =1 < p1 =p>
(F3) F(p1,p2) = F(p2,p1)

(F4) F(p, [0X¢1) = (Plple)

(F5) (multiplicativity)
Let 01,02 be two states living in the same space, then
F(p1 ® 01,p2 ® 02) = F(p1,p2)F(01,02).

(F6) (mazimum over purifications)
F(p1,p2) = max{ [(r|1p2)|> : pf = tr(|eh;)*P) for j =1,2}

(F7) (invariance under unitary transformation)
FUpUNUpaUT) = F(p1, p2)

(F8) (monotonicity)
F(O(p1), O(p2)) 2 F(p1,p2)

(F9) (strong concavity)
Let 0 < pj,q; <1, ij = qu =1, let {p;} and {o;} be families of states living in the

same space, all indexed over the same finite set, then
2
FO pipi» Y aj05) > (Z pj‘]j]:(pjaa'j))

(F10)  F(p1,p2) > tr(p1p2)



fidelity and entropy quick reference i

Let p be a state, let U be a unitary transformation, let {P;} be a projective measurement, all living in a
d-dimensional hilbert space HABC. Let p* := trg c(p), p° = tra.c(p), p*B = tra(p), p*C = tra(p),
B,C ._

p=~ = tra(p)-

(E1) DEFINITIONS (von Neumann entropy and mutual information).

1
= Z wj lg(;) where wq,wa, ..., w, are the non-zero eigenvalues of p,
— j
S(p™ : p°) := S(p*) + S(p®) — S(p*P).

(E2)  0<S(p) <lgd

S(p) =0 < p = |YX¢| for some pure state [¢))
Sp)=lgd < p= é]l

(E3) (equality over the subsystems of a bipartite pure state)
If p* = tr(|)Xe|) and p® = tra (|¢)e)|) for some pure state [1))>E, then
S(p™) = S(p").

(E4) (subadditivity and triangle inequality)
1S(p™) = () < S(p*®) < S(p™) +S(p®)

S(p*P) =S(p*) +S(p°%) = p*P=ptep®

(E5) (strong subadditivity)
S(™) +5(p°) < S(p™°) +5(p*°)
S(*PO) +5(p%) < S(p*P) +5(p™°)

(E6) (invariance under unitary transformation)

S(UpUT) = S(p)

(E7) (monotonicity under projective measurement)

S(D_PipP) 2 S(p)

(E8) (concavity and von Neumann vs Shannon)

Let {p;}7_, be a family of states living in the same space, let 0 < p; < 1, ij =1, then

> piS(ps) < SO _pirs) < > _piS(p;) + H(ps,-..,ps), and

SO _pips) = Y _piS(p;) + H(p1,-..,pn) <
the states p; have support in orthogonal subspaces.

(E9) (monotonicity of mutual information under trace-preserving operation)
Let O be a superoperator acting on space ’HA’B,
let p' := trB(O(pA B)) and pB := tra (O(p*B)), then
S(p"™ : p®) < S(p™ : pP).



