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((11))
NNoonn--LLooccaalliittyy
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NL

Non-Locality Box

x

a

y

b

a⊕b = x y∨
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y

b



©©CCllaauuddee CCrrééppeeaauu 22000022--22000066 55

CCOOMMPP--664477

NL

Non-Locality Box

x

a

y

b

a⊕b = x y∨
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NL

Non-Locality Box

x

a

y

b

Pr[a⊕b = x y] < 1

Classical: Pr[...] = 75% .
Quantum: Pr[...] = cos2(π/8)≈85%

∨
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((22))
ttwwoo pprroovveerrss

IInntteerraaccttiivvee PPrrooooffss
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SS

BBeenn--OOrr,, GGoollddwwaasssseerr,, KKiilliiaann,, WWiiggddeerrssoonn

Classically
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BBeenn--OOrr,, GGoollddwwaasssseerr,, KKiilliiaann,, WWiiggddeerrssoonn

xx∈∈LL??
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P

MA

AM
=AM[k]=IP[k]

NEXP
=MIP=MIP[k]

=MIPZK

Arthur-Merlin vs MIP

PSPACE=IP

NP = M A = BPP
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((22..55))
ttwwoo pprroovveerrss

BBiitt CCoommmmiittmmeenntt
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zz == ss iiff bb == 00
zz == ss⊕⊕yy iiff bb == 11

yy

zz ((CCoommmmiitt))

bb

BBeenn--OOrr,, GGoollddwwaasssseerr,, KKiilliiaann,, WWiiggddeerrssoonn
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zz == ss iiff bb == 00
zz == ss⊕⊕yy iiff bb == 11

bb

BBeenn--OOrr,, GGoollddwwaasssseerr,, KKiilliiaann,, WWiiggddeerrssoonn

ss ((UUnnvveeiill))

ss⊕⊕zz==bb··yy??
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BBeenn--OOrr,, GGoollddwwaasssseerr,, KKiilliiaann,, WWiiggddeerrssoonn

ss00

ss00⊕⊕zz==00··yy == 00

ss11

ss11⊕⊕zz==11··yy == yy
ss00⊕⊕ss11==((ss00⊕⊕zz))⊕⊕((ss11⊕⊕zz)) == yy

ppoossssiibbllee wwiitthh pprroobb.. aatt mmoosstt 22--nn

SSEECCUURREE
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CCOOMMPP--664477SS TT OO CC 11 99 88 88
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CCOOMMPP--664477SS TT OO CC 11 99 88 88
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CCOOMMPP--664477SS TT OO CC 11 99 88 88
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yy

zz

ss

NL

yynn zznn

ssnnbb

ss⊕⊕zz==bb··yy

NL communication

NL

yyii zzii

ssiibb
NL

yy11 zz11

ss11bb

...... ......
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yy

zz

ss
ss⊕⊕zz==bb··yy

NL communication

ss11

NL
ssnnbb

NL
ssiibbbb

yynn zznn
NL

yyii zzii
NL

yy11 zz11

NL NL...... ...... ...... ......
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yy

zz

ss

yy
zz

ss
bb

ss⊕⊕zz==bb··yy

NL communication

NL
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XX

Classically

LLOOCCAALL BBGGKKWW

NN
OO

NN
OO
NN
LL
OO
CC
AA
LL
II
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YY
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yy

zz

LLOOCCAALL BBGGKKWW

ss

Classically
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yy

zz

ss

yy

bb

LLOOCCAALL BBGGKKWW

Classically
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bb

bbbb,, 2299 -- 4411 -- 0022 -- 1177

CCOOMMMMIITT

UUNNVVEEIILL

BBIITT CCOOMMMMIITTMMEENNTT

Quantumly

or

???

bb

bbbb,, 2299 -- 4411 -- 0022 -- 1177

CCOOMMMMIITT

UUNNVVEEIILL

BBIITT CCOOMMMMIITTMMEENNTT
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((33))
ttwwoo pprroovveerrss BBCC

CCllaassssiiccaallllyy SSeeccuurree

QQuuaannttuummllyy IInnsseeccuurree
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||αα››

Quantumly

QQUUAANNTTUUMM BBGGKKWW



©©CCllaauuddee CCrrééppeeaauu 22000022--22000066 2288

CCOOMMPP--664477

zz == ss iiff bb == 00
zz == ss⊕⊕yy iiff bb == 11

yy

zz

bb

ss

DDHH((ss⊕⊕zz,,bb··yy))<<nn//55??

QQUUAANNTTUUMM BBGGKKWW’’
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yy

zz

ss

Classically

NL

yy zz

ssbb

DDHH((ss⊕⊕zz,,bb··yy))<<nn//55??

LLOOCCAALL BBGGKKWW’’

7755%%
-->> DDHH((ss⊕⊕zz,,bb··yy)) ≈≈ 2255%%nn >> nn//55
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ss00

Classically
DDHH((ss00⊕⊕zz,,00··yy)) == DDHH((ss00⊕⊕zz,,00)) << nn//55

DDHH((ss11⊕⊕zz,,11··yy)) == DDHH((ss11⊕⊕zz,,yy)) << nn//55

DDHH((ss00⊕⊕ss11,,yy)) == DDHH((((ss00⊕⊕zz))⊕⊕((ss11⊕⊕zz)),,00⊕⊕yy)) << 22nn//55 << nn//22

ppoossssiibbllee wwiitthh pprroobb.. aatt mmoosstt εε--nn

ss11

LLOOCCAALL BBGGKKWW’’

SSEECCUURREE
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NL

yy

zz

ss

Quantumly

yy zz

ssbb

DDHH((ss⊕⊕zz,,bb··yy))<<nn//55??

≈≈8855%%
-->> DDHH((ss⊕⊕zz,,bb··yy)) ≈≈ 1155%%nn << nn//55

QQUUAANNTTUUMM BBGGKKWW’’

IINNSSEECCUURREE
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yy

zz

ss

Quantumly

??
ss⊕⊕zz==bb··yy

QQUUAANNTTUUMM BBGGKKWW??
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((44))
QQuuaannttuumm IInnffoorrmmaattiioonn
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Photons
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Photons
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Photons
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θ +=

BBiittss & QuBits

00::

11::

Cosθ Sinθ

+= C0 C1|Ψ〉

0000::

0011::

1100::

1111::

+= C00|Ψ〉
+C01
+C10

C11

Ci,Cij∈CC_
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standard notations

BBaassiiss vveeccttoorrss:: ||00›› aanndd ||11››
AArrbbiittrraarryy ssttaatteess:: ||ψψ››==αα||00››++ββ||11››

ssuucchh tthhaatt ||αα||22++||ββ||22==11

AArrbbiittrraarryy mmuullttii--ssttaatteess::

||ψψ››==αα||0000››++ββ||0011››++δδ||1100››++γγ||1111››
ssuucchh tthhaatt ||αα||22++||ββ||22++||δδ||22++||γγ||22==11

α,β,δ,γ∈CC_
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standard notations

CCoonnjjuuggaattee:: iiff ||ψψ››==αα||00››++ββ||11››==((αα
ββ))

tthheenn ‹‹ψψ||==αα**‹‹00||++ββ**‹‹11||==((αα** ββ**))

SSccaallaarr pprroodduucctt:: ‹‹ψψ||φφ››==‹‹ψψ||••||φφ››
‹‹00||00››==‹‹11||11››==11 aanndd ‹‹00||11››==‹‹11||00››==00

TTeennssoorr pprroodduucctt:: ||φφXXψψ||==||φφ››••‹‹ψψ||
||00XX00||==((11

00
00
00)) ||00XX11||==((00

00
11
00))...... ||11XX11||==((00

00
00
11))
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((55))
QQuuaannttuumm MMeeaassuurreemmeennttss
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Polarizing Filter
optical axis
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Polarizing Filter
and photodetectors

θθ ccooss22 θθ

ccooss θθ

θθ ssiinn22 θθ

ssiinn θθ
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Photons
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+= C00|Ψ〉 +C01 +C10 C11

|Ψ〉

|C00|2

Projective Measurements

|C01|2

|C10|2

|C11|2
Σ|Cij|

2=1



©© CCllaauuddee CCrrééppeeaauu 22000022--22000066 4455

standard notations

PPrroojjeeccttoorr:: PPψψ ==||ψψXXψψ||
PP == ΣΣ PPmm,, wwhheerree PPmmPPmm’’ == δδmm,,mm’’ PPmm

MMeeaassuurreemmeenntt:: {{ PPmm }}
ΣΣ PPmm == II,, PPmmPPmm’’ == δδmm,,mm’’ PPmm

MMeeaassuurriinngg:: pp((mm))==‹‹φφ||PPmm||φφ››

RReessuullttiinngg:: PPmm||φφ››//√√pp((mm))
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example
PPrroojjeeccttoorrss:: PP00 ==||00XX00||==((11

00
00
00))

PP11 ==||11XX11||==((00
00

00
11))

MMeeaassuurreemmeenntt:: {{ PP00,,PP11 }}
ΣΣ PPmm == II,, PP00PP11 == PP11PP00 == 00

MMeeaassuurriinngg:: pp((mm))==‹‹φφ||PPmm||φφ››
αα**‹‹00||++ββ**‹‹11|| PP00 αα||00››++ββ||11››==αα**αα==||αα||22

αα**‹‹00||++ββ**‹‹11|| PP11 αα||00››++ββ||11››==ββ**ββ==||ββ||22
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((66))
QQuuaannttuumm CCoommppuuttaattiioonnss









20302020

Atomic scale
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Calcite Crystal

optical axis

optical axis
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ccooss θθ

ssiinn θθ

Calcite Crystal

θθ
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Photons
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+C0 C1

|Ψ〉 U |Ψ'〉

Quantum Evolution:
Unitary Operators

U |Ψ0〉
U |Ψ1〉
U +C0 C1|Ψ0〉 |Ψ1〉
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standard notations

UUnniittaarryy OOppeerraattoorrss:: UU††UU==UUUU††==II

lliinneeaarr:: UU((αα||00››++ββ||11››)) == ααUU||00››++ββUU||11››
pprreesseerrvveess ssccaallaarr pprroodduuccttss::

((‹‹ψψ||UU††))((UU||φφ››))
== ‹‹ψψ||UU††UU||φφ›› == ‹‹ψψ||II||φφ›› == ‹‹ψψ||φφ››
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example: calcite crystal

BBaassiiss ssttaatteess:: ||φφππ››,,φφ:: ppoollaarriizzaattoonn {{00,,11}}
ππ:: ppaatthh {{llooww,,hhiigghh}}

IInnppuutt ssttaatteess:: ((αα||00››++ββ||11››))||llooww››
OOppeerraattoorr:: UU:: ||00xx›› --›› ||00xx›› UU==(( ))

||11xx›› --›› ||11¬¬xx››
OOuuttppuutt ssttaatteess:: αα||00 llooww››++ββ||11 hhiigghh››

1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0
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example: Hadamard

||00〉〉 H (( ||00〉〉++ ||11〉〉))//√22

||11〉〉 H (( ||00〉〉−− ||11〉〉))//√22

H == 11//√22 (( ))11 11
11 −−11



©© CCllaauuddee CCrrééppeeaauu 22000022--22000066 5599

||00〉〉

||00〉〉

example: Control-NOT
||00〉〉

||00〉〉

||00〉〉

||11〉〉

||00〉〉

||11〉〉

||11〉〉

||00〉〉

||11〉〉

||11〉〉

||11〉〉

||11〉〉

||11〉〉

||00〉〉

==(( ))1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0
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((77))
GGeenneerraall MMeeaassuurreemmeennttss
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Calcite Crystal
and photodetectors

θθ

ssiinn22 θθ

ccooss22 θθ

ccooss θθ

ssiinn θθ
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standard notations

MMeeaassuurreemmeenntt:: {{ PPmm UU }}
ΣΣ PPmm == II,, PPmmPPmm’’ == δδmm,,mm’’ PPmm

MMeeaassuurriinngg:: pp((mm))==‹‹φφ||‹‹00||UU††PPmmUU||φφ››||00››

RReessuullttiinngg:: PPmmUU||φφ››||00››//√√pp((mm))
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1/2

Calcite crystal
& Photodetection

1/2
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1/2

Calcite crystal
& Photodetection

1/2
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POSSIBLE!

θ
θ
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θ θ
θ

θ
θ

IMPOSSIBLE!
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QQuuaannttuumm

CCllaassssiiccaall & Quantum Information
0000111100111111000000111100 CCllaassssiiccaall

CCooppyyiinngg:: YYeess NNOO

MMeeaassuurriinngg:: YYeess ppaarrttiiaall

BBrrooaaddccaassttiinngg:: YYeess NNOO

SSuuppeerrppoossiinngg:: NNOO YYeess

IInntteerrffeerriinngg:: NNOO YYeess
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((88))
QQuuaannttuumm EEnnttaanngglleemmeenntt
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EPR

|¿?〉 = 1/√2 |01〉 − 1/√2 |10〉
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Einstein
Podolsky

Rosen
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Einstein
Podolsky

Rosen
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Einstein
Podolsky

Rosen
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Einstein
Podolsky

Rosen
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CCOOMMPP--664477

((99))
QQuuaannttuumm

NNoonn--LLooccaalliittyy
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CCOOMMPP--664477

1/√2 |01〉 − 1/√2 |10〉
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1/√2 |01〉 − 1/√2 |10〉

0

0

1

1

10

0 1

00

11

0011

cos2(ππ/8)
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CCOOMMPP--664477

1/√2 |01〉 − 1/√2 |10〉

0

0

1

1

10

0 1

00

11

0011
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CCOOMMPP--664477

1/√2 |01〉 − 1/√2 |10〉

0 1

1

0

00

00

00 00 0 0ΛΛ ⊕==
cos2(ππ/8)
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CCOOMMPP--664477

1/√2 |01〉 − 1/√2 |10〉

01

1

0

00

00

00 00 1 1ΛΛ ⊕==
cos2(ππ/8)
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CCOOMMPP--664477

1/√2 |01〉 − 1/√2 |10〉

0

1

1

0

11

00

11 00 0 0ΛΛ ⊕==

cos2(ππ/8)
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CCOOMMPP--664477

1/√2 |01〉 − 1/√2 |10〉

0

1

1

011

00

11 00 1 1ΛΛ ⊕==

cos2(ππ/8)



©©CCllaauuddee CCrrééppeeaauu 22000022--22000066 8822

CCOOMMPP--664477

1/√2 |01〉 − 1/√2 |10〉

0 1

0

1

00

11

00 11 0 0ΛΛ ⊕== cos2(ππ/8)
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CCOOMMPP--664477

1/√2 |01〉 − 1/√2 |10〉

01

0

1

00

11

00 11 1 1ΛΛ ⊕==
cos2(ππ/8)



©©CCllaauuddee CCrrééppeeaauu 22000022--22000066 8844

CCOOMMPP--664477

1/√2 |01〉 − 1/√2 |10〉

0

1

0

1

11

11

11 11 0 1ΛΛ ⊕==

cos2(ππ/8)
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CCOOMMPP--664477

1/√2 |01〉 − 1/√2 |10〉

0

1

0

111

11

11 11 1 0ΛΛ ⊕==

cos2(ππ/8)
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((1100))
MMaaggiicc SSqquuaarree

nnoonn llooccaall ggaammee
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OODDDD

OODDDD

EEVVEENN

EEVVEENN OODDDD OODDDD

AA SSQQUUAARREE
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CCOOMMPP--664477

EEVVEENN

EEVVEENN

EEVVEENN

OODDDD OODDDD OODDDD

AA MMAAGGIICC SSQQUUAARREE
(( iimmppoossssiibbllee ttoo ssaattiissffyy ))
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CCOOMMPP--664477

MMAAGGIICC SSQQUUAARREE
GGAAMMEE
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CCOOMMPP--664477

MMAAGGIICC SSQQUUAARREE
GGAAMMEE
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CCOOMMPP--664477

MMAAGGIICC SSQQUUAARREE
GGAAMMEE

OODDDD

EEVVEENN
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EEVVEENN

WWIINN !!
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MMAAGGIICC SSQQUUAARREE
GGAAMMEE

OODDDD

EEVVEENN
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EEVVEENN

LLOOSSEE
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LLOOSSEE
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CCOOMMPP--664477
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CCOOMMPP--664477

MMAAGGIICC SSQQUUAARREE
GGAAMMEE

OODDDD

EEVVEENN
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MMAAGGIICC SSQQUUAARREE
GGAAMMEE
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CCOOMMPP--664477

MMAAGGIICC SSQQUUAARREE
GGAAMMEE
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CCOOMMPP--664477

MMAAGGIICC SSQQUUAARREE
GGAAMMEE
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CCOOMMPP--664477
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OODDDD

EEVVEENN
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WWIINN !!
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Moral of the story:

Entanglement can cause
effects that are not
possible classically.

Non-locality can be
observed without

understanding quantum physics.
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MMAAGGIICC SSQQUUAARREE
GGAAMMEE ##22
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MMAAGGIICC SSQQUUAARREE
GGAAMMEE ##22
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MMAAGGIICC SSQQUUAARREE
GGAAMMEE ##22

EEVVEENN
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MMAAGGIICC SSQQUUAARREE
GGAAMMEE ##22

EEVVEENN

WWIINN !!
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MMAAGGIICC SSQQUUAARREE
GGAAMMEE ##22

OODDDD
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LLOOSSEE
?
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EEVVEENN

EEVVEENN

OODDDD OODDDD OODDDD

EEVVEENN
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((1111))
33--SSAATT ttwwoo--pprroovveerr
IInntteerraaccttiivvee PPrrooooff
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(x1,x31,x17) , (x8,x2,x45) ,..., (x13,x17,x19)
c0 c1 cm-1

L
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33--SSAATT IIPP

(x8,x2,x45)
c1

x2

x2=0 c1=(0,1,1)
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33--SSAATT IIPP

(x8,x2,x45)
c1

x2

x2=0 c1=(0,1,1)

c1,2=1=0=x2
c1,1Vc1,2Vc1,3=1

WWIINN !!
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33--SSAATT IIPP

(x13,x17,x19)
cm-1

x13

x13=0 cm-1=(1,0,0)
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33--SSAATT IIPP

(x13,x17,x19)
cm-1

x13

x13=0 cm-1=(1,0,0)

cm-1,1=1­ 0=x13
cm-1,1Vcm-1,2
Vcm-1,3=1

LLOOSSEE !!
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WWIINNNNIINNGG PPRROOBB..
AATT MMOOSSTT 11--11//33mm

xt=b
cs=
(cs,1,cs,2,cs,3)

cs,i=xt
cs,1Vcs,2Vcs,3=1

WWIINN !!
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#2
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QQUUAANNTTUUMM WWIINNNNIINNGG
PPRROOBB..==11

WWIINN !!

xt=b
cs=
(cs,1,cs,2,cs,3)

cs,i=xt
cs,1Vcs,2Vcs,3=1
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MMAAGGIICC SSQQUUAARREE
GGAAMMEE ##22

OODDDD



©©CCllaauuddee CCrrééppeeaauu 22000022--22000066 112233

CCOOMMPP--664477

((1122))
ttwwoo pprroovveerrss BBCC

CCllaassssiiccaallllyy aanndd

QQuuaannttuummllyy SSeeccuurree
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QQuuaannttuumm BBGGKKWW””

zz == ss⊕⊕yybbbb

ss

yy00,,yy11

zz

ss == zz⊕⊕yybb ??
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ss00

ss00⊕⊕zz==yy00

ss11

ss11⊕⊕zz==yy11
ss00⊕⊕ss11==((ss00⊕⊕zz))⊕⊕((ss11⊕⊕zz)) == yy00⊕⊕yy11

ppoossssiibbllee wwiitthh pprroobb.. aatt mmoosstt 22--nn

Classically

QQuuaannttuumm BBGGKKWW””

SSEECCUURREE
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QQuuaannttuumm BBGGKKWW””
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Quantumly

THEOREM

Let 00 and 11 be POVMs such that outputs x0 and x1
could be obtained by applying one of them to the

state shared among the two provers.

Suppose the success probability of unveiling is
p0+p1 > 1+δ,

then the [prediction probability of y0⊕⊕y1] > δ2/4.

This prediction probability is achieved by first
applying 00 to the shared state followed by 11 on the
leftover system (after mostly undoing 00) or the
other way around. As a result p0+p1 ≤ 1+2/2-n/2.

SSEECCUURREE
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Quantumly

Lemma

Let 00 and 11 be POVMs such that outputs x0 and x1
could be obtained by applying one of them to the

state shared among the two provers.

Suppose the success probability of unveiling is
p0+p1 > 1+δ,

then the [prediction probability of (y0−−y1)] > δ2/8.

This prediction probability is achieved by first
applying 00 to the shared state followed by 11 on the
leftover system (after mostly undoing 00) or the
other way around. As a result p0+p1 ≤ 1+γ-n.

KKEENNTT0055
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((1133))
CCOOMMPPOOSSAABBIILLIITTYY !!
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yy

zz

ss

NL

yy
zz

ss
bb

ss⊕⊕zz==bb··yy
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NL

ww dd ff ee tt ss ww aa xx zz
gg tt ff rr dd ee gg yy hh tt
jj uu pp ll dd qq zz xx vv cc gg

rr ss dd ff gg zz

dd cc vv ss bb tt ss

aa yy uu ee hh ss bb hh ii
ss uu uu gg aa aa oo aa pp
oo dd ww ii uu ii dd ee ss
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CCllaassssiiccaall::

AAnnyy nneeww mmeessssaaggee ffrroomm BBoobb sshhoouulldd
nnoott ccoommpplleettee aannyy nnoonn--llooccaall ccoommppuuttaattiioonn

tthhee ttwwoo pprroovveerrss wwoouulldd nnoott bbee aabbllee ttoo ccaarrrryy bbyy
tthheemmsseellvveess uussiinngg oonnllyy sshhaarreedd llooccaall vvaarriiaabblleess..

QQuuaannttuumm::

AAnnyy nneeww mmeessssaaggee ffrroomm BBoobb sshhoouulldd
nnoott ccoommpplleettee aannyy nnoonn--llooccaall ccoommppuuttaattiioonn

tthhee ttwwoo pprroovveerrss wwoouulldd nnoott bbee aabbllee ttoo ccaarrrryy bbyy
tthheemmsseellvveess uussiinngg oonnllyy sshhaarreedd eennttaanngglleemmeenntt..
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((1144))
OOPPEENN PPRROOBBLLEEMMSS
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QQUUAANNTTUUMM TTwwoo--pprroovveerrss ZZeerroo--KKnnoowwlleeddggee iiPPrrooooffss ??

QQUUAANNTTUUMM TTwwoo--pprroovveerrss SSeeccuurree CCoommppttaattiioonnss ??
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((1155))
QQuuaannttuumm TTeelleeppoorrttaattiioonn
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||ψψ〉〉

?

Sending a qubit to an unknown location...?
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||ψψ〉〉

||ψψ〉〉

two classical bits

EPR
2 km

QQuuaannttuumm tteelleeppoorrttaattiioonn

»»
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classical message

||ψψ〉〉

||ψψ〉〉

AA

BB

EPR

QQuuaannttuumm ““bbrrooaaddccaassttiinngg””
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||ψψ〉〉

||00〉〉

||00〉〉

||ψψ〉〉

H

H

H H
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||ψψ〉〉

||00〉〉

||00〉〉

H

H

||ψψ〉〉||00〉〉 ||00〉〉
||ψψ〉〉((||00〉〉++||11〉〉)) ||00〉〉H

||ψψ〉〉((||00〉〉 ||00〉〉++||11〉〉||11〉〉))

((αα||00〉〉++ββ||11〉〉))((||0000〉〉++||1111〉〉))

αα||00〉〉||0000〉〉++αα||00〉〉||1111〉〉++ββ||11〉〉||0000〉〉++ββ||11〉〉||1111〉〉

αα||00〉〉||0000〉〉++αα||00〉〉||1111〉〉++ββ||11〉〉||1100〉〉++ββ||11〉〉||0011〉〉

αα((||00〉〉++||11〉〉)) ||0000〉〉++αα((||00〉〉++||11〉〉)) ||1111〉〉++ββ((||00〉〉−−||11〉〉)) ||1100〉〉++ββ((||00〉〉−−||11〉〉)) ||0011〉〉H

||0000〉〉((αα||00〉〉++ββ||11〉〉))++||0011〉〉((αα||11〉〉++ββ||00〉〉))++||1100〉〉((αα||00〉〉−−ββ||11〉〉))++||1111〉〉((αα||11〉〉−−ββ||00〉〉))

||xy〉〉((αα||y〉〉++((−11))xββ||¬¬y〉〉))

x

y
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||xy〉〉 ||ψψ〉〉

||ψψ〉〉 H H

||xy〉〉((αα||y〉〉++((−11))xββ||¬¬y〉〉))
||xy〉〉((αα||00〉〉++((−11))xββ||11〉〉))

H ||xy〉〉((αα((||00〉〉++||11〉〉))++((−11))xββ((||00〉〉−−||11〉〉))))

||xy〉〉((αα((||x〉〉++||¬¬x〉〉))++((−11))xββ((||x〉〉−−||¬¬x〉〉))))

||xy〉〉((αα(([[ ||00〉〉++((−11))x ||11〉〉]]++[[||00〉〉++((−11))¬¬x ||11〉〉]]))
++((−11))xββ(([[ ||00〉〉++((−11))x ||11〉〉]]−−[[||00〉〉++((−11))¬¬x ||11〉〉]]))))

||xy〉〉((αα||00〉〉++ββ||11〉〉))

H

y

x
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aabb

aa

bb

H

H

H H
σx =

0 1

1 0






,σ z =

1 0

0 −1







1⁄4 : |Ψ〉
1⁄4 : σx|Ψ〉
1⁄4 : σz|Ψ〉
1⁄4 : σxσz|Ψ〉

»»

SSuummmmaarryy
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((1155))
QQuuaannttuumm IInnffoorrmmaattiioonn::

MMiixxeedd SSttaatteess
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standard notations

PPrroobbaabbiilliissttiicc aapppprrooaacchh::

iiff ρρ ::{{
tthheenn ρρ ==∑∑ ppii||φφiiXXφφii|| iiss aa mmiixxeedd ssttaattee..

||φφ11›› wwiitthh pprroobb pp11

||φφ22›› wwiitthh pprroobb pp22
......
||φφkk›› wwiitthh pprroobb ppkk
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CCOOMMPP--664477

Example

TTeelleeppoorrttaattiioonn::

iiff ρρ ::{{
tthheenn ρρ ==∑∑ ppii||φφiiXXφφii|| == ((11

00
00
11)) iinndd ooff ||φφ››..

||φφ11››==||φφ››,, pp11==11//44

||φφ22››==σσxx||φφ››,, pp22==11//44

||φφ33››==σσzz||φφ››,, pp33==11//44

||φφ44››==σσxxσσzz||φφ››,, pp44==11//44
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standard notations

TTrraaccee--oouutt aapppprrooaacchh::

φφ∈∈HHAA⊗⊗HHBB

ρρΑΑ==TTrrBB((||φφXXφφ||)) iiss aa mmiixxeedd ssttaattee ooff HHAA
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Example

TTeelleeppoorrttaattiioonn::

== ((11
00

00
11)) iinndd ooff ||φφ››..

||φφ〉〉AB==∑∑xy ||xy〉〉A((αα||y〉〉++((−11))xββ||¬¬y〉〉))B

ρρΒΒ==TrA( ∑∑xy ||xy〉〉A((αα||y〉〉++((−11))xββ||¬¬y〉〉))B )

ρρΒΒ==∑∑xy ((αα||y〉〉++((−11))xββ||¬¬y〉〉))((αα∗∗〈〈y ||++((−11))xββ∗∗〈〈¬¬y || ))

ρρΒΒ==∑∑xy ((αααα∗∗ ||y〉〉〈〈y ||++((−11))xββαα∗∗ ||¬¬y〉〉〈〈y ||++((−11))xααββ∗∗ ||y〉〉〈〈¬¬y ||++ββββ∗∗ ||¬¬y〉〉〈〈¬¬y || ))

ρρΒΒ==∑∑x ((αααα∗∗++ββββ∗∗))(( ||0〉〉〈〈0 ||++||1〉〉〈〈1 || ))++((−11))x((ββαα∗∗++ααββ∗∗))(( ||0〉〉〈〈1 ||++||1〉〉〈〈0 || ))

ρρΒΒ==((||0〉〉〈〈0 ||++||1〉〉〈〈1 || ))

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CCllaauuddee CCrrééppeeaauu

SScchhooooll ooff CCoommppuutteerr SScciieennccee
MMccGGiillll UUnniivveerrssiittyy

JJooiinntt wwoorrkk wwiitthh LL SSaallvvaaiill,, JJ--RR SSiimmaarrdd aanndd AA TTaapppp
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0 1

+

×

Ambiguous Coding Scheme

KKeeyy ddiissttrriibbuuttiioonn
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00

00 00 00 111111000000 00 00001100

00 ææ ææ 00 ææ 11 ææ ææ 11 ææ 00 ææ ææ ææ ææ 11 11ææ ææ ææ 00 00 00
×× ×× ×××× ×× ×× ×× ×× ×× ×× ××++ ++ ++ ++ ++ ++ ++ ++ ++ ++ ++ ++ ++

×× ××
00 00 11 11 00 11 11 00 00 00

ΒΒ:: ++ ++ ×× ++ ++ ++ ×× ++ ++ ×× ×× ×× ++ ×× ×× ×× ++ ++ ×× ++ ×× ++

ΑΑ::
ΒΒ::

×× ×× ×××× ×× ×× ×× ×× ×× ×× ××
11 11 11 11 11 11 11 11 11 1111

++
ΑΑ:: 00 00 00 00 00 00 00 00 00 00 00 00 00

++ ++ ++ ++ ++ ++ ++ ++ ++ ++ ++ ++

0000 00 11 11 00 11 11 00 00 00ΒΒ::
11 11 11 11 11ΑΑ:: 00 00 00 00 00 00

11 11ΑΑ:: 00 00 00

≠≠== == == ==ΒΒ::
00 11 11 11 00 00ΒΒ::

11 11 11ΑΑ:: 00 00 00

2200%%

Q-distribution
of keys

•• BBeennnneetttt--BBrraassssaarrdd ••

»
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