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Definition of NFA

Let N = (Q,∑,δ,q0,F) be a nondeterministic  
finite state automaton and let w=w1w2...wn 
(n≥0) be a string where each symbol wi∈∑.


N accepts w if ∃ m≥n, ∃ s0,s1,...,sm and  
∃ y1y2...ym = w, with each yi ∈ ∑𝞮 s.t. 
    1. s0 = q0  
   2. si+1 ∈ δ(si,yi+1)    for i = 0 ... m-1, and 
   3. sm ∈ F



NFA-DFA equivalence



Regular Languages



NFAN2

q{1,2,3,4}q{1,2,3,4}



NFAN2

DFA

q{1,2,3,4}q{1,2,3,4}



NFAN2

DFA
q{1}

q{1,2,3}q{1,2} q{1,2,4}

q{1,3,4}q{1,3}q{1,4}

q{1,2,3,4}q{1,2,3,4}q{1,2,3,4}



1 1 1 1

1 1 1 1

NFAN2

DFA
q{1}

q{1,2,3}q{1,2} q{1,2,4}

q{1,3,4}q{1,3}q{1,4}

q{1,2,3,4}q{1,2,3,4}q{1,2,3,4}



NFA-DFA equivalence 

(without empty transitions)



NFA-DFA equivalence 

(without empty transitions)

Let N = (Q,∑,δ,q0,F) be an NFA (without empty
transitions) accepting language A. We show a
DFA M = (Q’,∑,δ’,q’0,F’) accepting A.



NFA-DFA equivalence 

(without empty transitions)

Let N = (Q,∑,δ,q0,F) be an NFA (without empty
transitions) accepting language A. We show a
DFA M = (Q’,∑,δ’,q’0,F’) accepting A.

Q’ = 𝓟(Q) = { R | R⊆Q }



NFA-DFA equivalence 

(without empty transitions)

Let N = (Q,∑,δ,q0,F) be an NFA (without empty
transitions) accepting language A. We show a
DFA M = (Q’,∑,δ’,q’0,F’) accepting A.

Q’ = 𝓟(Q) = { R | R⊆Q }

δ’(R,a) = { q ∈ Q | ∃r ∈ R, q ∈ δ(r,a) }



NFA-DFA equivalence 

(without empty transitions)

Let N = (Q,∑,δ,q0,F) be an NFA (without empty
transitions) accepting language A. We show a
DFA M = (Q’,∑,δ’,q’0,F’) accepting A.

Q’ = 𝓟(Q) = { R | R⊆Q }

δ’(R,a) = { q ∈ Q | ∃r ∈ R, q ∈ δ(r,a) }

q’0 = {q0}



NFA-DFA equivalence 

(without empty transitions)

Let N = (Q,∑,δ,q0,F) be an NFA (without empty 
transitions) accepting language A. We show a 
DFA M = (Q’,∑,δ’,q’0,F’) accepting A.

Q’ = 𝓟(Q) = { R | R⊆Q }

δ’(R,a) = { q ∈ Q | ∃r ∈ R, q ∈ δ(r,a) }

q’0 = {q0}

F’ = { R∈Q’ | R∩F≠∅ }



N2

q0001=q{1} q0111=q{1,2,3} q0110=q{2,3}q0000=q∅

q0011=q{1,2} q0010=q{2} q1011=q{1,2,4} q1010=q{2,4}

q0100=q{3} q1100=q{3,4}

q1001=q{1,4} q1000=q{4} q1110=q{2,3,4} q1111=q{1,2,3,4}

q1101=q{1,3,4}q0101=q{1,3}



N2

q0001=q{1} q0111=q{1,2,3} q0110=q{2,3}q0000=q∅

q0011=q{1,2} q0010=q{2} q1011=q{1,2,4} q1010=q{2,4}

q0100=q{3} q1100=q{3,4}

q1001=q{1,4} q1000=q{4} q1110=q{2,3,4} q1111=q{1,2,3,4}

q1101=q{1,3,4}q0101=q{1,3}

qw₄w₃w₂w₁=qR : (wi=1 ⟺ i∈R)



1 1 1 1

1 1 1 1

1 11 1 11

1 11 1 11

NFAN2

DFA
q{1}

q{1,2,3}q{1,2} q{1,2,4}

q{1,3,4}q{1,3}q{1,4}

q{1,2,3,4}q{1,2,3,4}



1 1 1 1

1 1 1 1

1 11 1 11

1 11 1 11

NFAN2

DFA



NFAN2

DFA



NFA-DFA equivalence 
(with empty transitions)



NFA-DFA equivalence 
(with empty transitions)

Let N = (Q,∑,δ,q0,F) be an NFA accepting
language A. We construct a DFA
M = (Q',∑,δ',q'0,F') accepting A as well.



NFA-DFA equivalence 
(with empty transitions)

Let N = (Q,∑,δ,q0,F) be an NFA accepting
language A. We construct a DFA
M = (Q',∑,δ',q'0,F') accepting A as well.

Q' = 𝓟(Q) = { R | R⊆Q }



NFA-DFA equivalence 
(with empty transitions)

Let N = (Q,∑,δ,q0,F) be an NFA accepting
language A. We construct a DFA
M = (Q',∑,δ',q'0,F') accepting A as well.

Q' = 𝓟(Q) = { R | R⊆Q }

δ'(R,a) = { q ∈ Q | ∃r ∈ R, q ∈ E(δ(r,a)) }, ∀ a≠𝞮



NFA-DFA equivalence 
(with empty transitions)

Let N = (Q,∑,δ,q0,F) be an NFA accepting
language A. We construct a DFA
M = (Q',∑,δ',q'0,F') accepting A as well.

Q' = 𝓟(Q) = { R | R⊆Q }

δ'(R,a) = { q ∈ Q | ∃r ∈ R, q ∈ E(δ(r,a)) }, ∀ a≠𝞮

q'0 = E(q0)



NFA-DFA equivalence 
(with empty transitions)

Let N = (Q,∑,δ,q0,F) be an NFA accepting 
language A. We construct a DFA 
 M = (Q',∑,δ',q'0,F') accepting A as well.

Q' = 𝓟(Q) = { R | R⊆Q } 

δ'(R,a) = { q ∈ Q | ∃r ∈ R, q ∈ E(δ(r,a)) }, ∀ a≠𝞮

q'0 = E(q0)

F' = { R∈Q' | R∩F≠∅ }



N1

q{1,2,3,4}q{1,2,3,4}



q∅

N1

q{1,2,3,4}q{1,2,3,4}



q{1}q∅

N1

q{1,2,3,4}q{1,2,3,4}



q{1}q∅

q{2}

N1

q{1,2,3,4}q{1,2,3,4}



q{1}q∅

q{2}

q{3}

N1

q{1,2,3,4}q{1,2,3,4}



q{1}q∅

q{2}

q{3}

q{4}

N1

q{1,2,3,4}q{1,2,3,4}



q{1}q∅

q{1,2} q{2}

q{3}

q{4}

N1

q{1,2,3,4}q{1,2,3,4}



q{1}q∅

q{1,2} q{2}

q{3}

q{4}

q{1,3}

N1

q{1,2,3,4}q{1,2,3,4}



q{1}q∅

q{1,2} q{2}

q{3}

q{1,4} q{4}

q{1,3}

N1

q{1,2,3,4}q{1,2,3,4}



q{1} q{2,3}q∅

q{1,2} q{2}

q{3}

q{1,4} q{4}

q{1,3}

N1

q{1,2,3,4}q{1,2,3,4}



q{1} q{2,3}q∅

q{1,2} q{2} q{2,4}

q{3}

q{1,4} q{4}

q{1,3}

N1

q{1,2,3,4}q{1,2,3,4}



q{1} q{2,3}q∅

q{1,2} q{2} q{2,4}

q{3} q{3,4}

q{1,4} q{4}

q{1,3}

N1

q{1,2,3,4}q{1,2,3,4}



q{1} q{1,2,3} q{2,3}q∅

q{1,2} q{2} q{2,4}

q{3} q{3,4}

q{1,4} q{4}

q{1,3}

N1

q{1,2,3,4}q{1,2,3,4}



q{1} q{1,2,3} q{2,3}q∅

q{1,2} q{2} q{1,2,4} q{2,4}

q{3} q{3,4}

q{1,4} q{4}

q{1,3}

N1

q{1,2,3,4}q{1,2,3,4}



q{1} q{1,2,3} q{2,3}q∅

q{1,2} q{2} q{1,2,4} q{2,4}

q{3} q{3,4}

q{1,4} q{4}

q{1,3,4}q{1,3}

N1

q{1,2,3,4}q{1,2,3,4}



q{1} q{1,2,3} q{2,3}q∅

q{1,2} q{2} q{1,2,4} q{2,4}

q{3} q{3,4}

q{1,4} q{4} q{2,3,4}

q{1,3,4}q{1,3}

N1

q{1,2,3,4}q{1,2,3,4}



q{1} q{1,2,3} q{2,3}q∅

q{1,2} q{2} q{1,2,4} q{2,4}

q{3} q{3,4}

q{1,4} q{4} q{2,3,4} q{1,2,3,4}

q{1,3,4}q{1,3}

N1

q{1,2,3,4}q{1,2,3,4}



q{1} q{1,2,3} q{2,3}q∅

q{1,2} q{2} q{1,2,4} q{2,4}

q{3} q{3,4}

q{1,4} q{4} q{2,3,4} q{1,2,3,4}

q{1,3,4}q{1,3}

N1

q{1,2,3,4}q{1,2,3,4}



q{1} q{1,2,3} q{2,3}q∅

q{1,2} q{2} q{1,2,4} q{2,4}

q{3} q{3,4}

q{1,4} q{4} q{2,3,4} q{1,2,3,4}

q{1,3,4}q{1,3}

N1

q{1,2,3,4}q{1,2,3,4}



0

q{1} q{1,2,3} q{2,3}q∅

q{1,2} q{2} q{1,2,4} q{2,4}

q{3} q{3,4}

q{1,4} q{4} q{2,3,4} q{1,2,3,4}

q{1,3,4}q{1,3}

N1

q{1,2,3,4}q{1,2,3,4}



0

1q{1} q{1,2,3} q{2,3}q∅

q{1,2} q{2} q{1,2,4} q{2,4}

q{3} q{3,4}

q{1,4} q{4} q{2,3,4} q{1,2,3,4}

q{1,3,4}q{1,3}

N1

q{1,2,3,4}q{1,2,3,4}



0

1q{1} q{1,2,3} q{2,3}q∅

q{1,2} q{2} q{1,2,4} q{2,4}

q{3} q{3,4}

q{1,4} q{4} q{2,3,4} q{1,2,3,4}

q{1,3,4}

0

q{1,3}

N1

q{1,2,3,4}q{1,2,3,4}



0

1

1

q{1} q{1,2,3} q{2,3}q∅

q{1,2} q{2} q{1,2,4} q{2,4}

q{3} q{3,4}

q{1,4} q{4} q{2,3,4} q{1,2,3,4}

q{1,3,4}

0

q{1,3}

N1

q{1,2,3,4}q{1,2,3,4}



0

1

1

q{1} q{1,2,3} q{2,3}q∅

q{1,2} q{2} q{1,2,4} q{2,4}

q{3} q{3,4}

q{1,4} q{4} q{2,3,4} q{1,2,3,4}

0

q{1,3,4}

0

q{1,3}

N1

q{1,2,3,4}q{1,2,3,4}



0

1

1

q{1} q{1,2,3} q{2,3}q∅

q{1,2} q{2} q{1,2,4} q{2,4}

q{3} q{3,4}

q{1,4} q{4} q{2,3,4} q{1,2,3,4}

1

0

q{1,3,4}

0

q{1,3}

N1

q{1,2,3,4}q{1,2,3,4}



0

1

1

q{1} q{1,2,3} q{2,3}q∅

q{1,2} q{2} q{1,2,4} q{2,4}

q{3} q{3,4}

q{1,4} q{4} q{2,3,4} q{1,2,3,4}

1

0

1

q{1,3,4}

0

q{1,3}

N1

q{1,2,3,4}q{1,2,3,4}



0

1

1

q{1} q{1,2,3} q{2,3}q∅

q{1,2} q{2} q{1,2,4} q{2,4}

q{3} q{3,4}

q{1,4} q{4} q{2,3,4} q{1,2,3,4}

1

0

1

q{1,3,4}

0

0

q{1,3}

N1

q{1,2,3,4}q{1,2,3,4}



0

1

1

q{1} q{1,2,3} q{2,3}q∅

q{1,2} q{2} q{1,2,4} q{2,4}

q{3} q{3,4}

q{1,4} q{4} q{2,3,4} q{1,2,3,4}

1

0

1

q{1,3,4}

0

0

0q{1,3}

N1

q{1,2,3,4}q{1,2,3,4}



0

1

1

q{1} q{1,2,3} q{2,3}q∅

q{1,2} q{2} q{1,2,4} q{2,4}

q{3} q{3,4}

q{1,4} q{4} q{2,3,4} q{1,2,3,4}

1

0

1

1q{1,3,4}

0

0

0q{1,3}

N1

q{1,2,3,4}q{1,2,3,4}



0

1

1

q{1} q{1,2,3} q{2,3}q∅

q{1,2} q{2} q{1,2,4} q{2,4}

q{3} q{3,4}

q{1,4} q{4} q{2,3,4} q{1,2,3,4}

1

0

1

1q{1,3,4}

0
0

0

0q{1,3}

N1

q{1,2,3,4}q{1,2,3,4}



0

1

1

q{1} q{1,2,3} q{2,3}q∅

q{1,2} q{2} q{1,2,4} q{2,4}

q{3} q{3,4}

q{1,4} q{4} q{2,3,4} q{1,2,3,4}

1

0

1

1q{1,3,4}

0
0 1

0

0q{1,3}

N1

q{1,2,3,4}q{1,2,3,4}



q{1} q{1,2,3}

q{1,4} q{1,2,3,4}

q{1,3,4}q{1,3}

N1

q{1,2,3,4}q{1,2,3,4}



q{1} q{1,2,3}

q{1,4} q{1,2,3,4}

q{1,3,4}q{1,3}

N1

q{1,2,3,4}q{1,2,3,4}



0

q{1} q{1,2,3}

q{1,4} q{1,2,3,4}

q{1,3,4}q{1,3}

N1

q{1,2,3,4}q{1,2,3,4}



0

1q{1} q{1,2,3}

q{1,4} q{1,2,3,4}

q{1,3,4}q{1,3}

N1

q{1,2,3,4}q{1,2,3,4}



0

1q{1} q{1,2,3}

q{1,4} q{1,2,3,4}

q{1,3,4}

0

q{1,3}

N1

q{1,2,3,4}q{1,2,3,4}



0

1

1

q{1} q{1,2,3}

q{1,4} q{1,2,3,4}

q{1,3,4}

0

q{1,3}

N1

q{1,2,3,4}q{1,2,3,4}



0

1

1

q{1} q{1,2,3}

q{1,4} q{1,2,3,4}

0

q{1,3,4}

0

q{1,3}

N1

q{1,2,3,4}q{1,2,3,4}



0

1

1

q{1} q{1,2,3}

q{1,4} q{1,2,3,4}

1

0

q{1,3,4}

0

q{1,3}

N1

q{1,2,3,4}q{1,2,3,4}



0

1

1

q{1} q{1,2,3}

q{1,4} q{1,2,3,4}

1

0

1

q{1,3,4}

0

q{1,3}

N1

q{1,2,3,4}q{1,2,3,4}



0

1

1

q{1} q{1,2,3}

q{1,4} q{1,2,3,4}

1

0

1

q{1,3,4}

0

0

q{1,3}

N1

q{1,2,3,4}q{1,2,3,4}



0

1

1

q{1} q{1,2,3}

q{1,4} q{1,2,3,4}

1

0

1

q{1,3,4}

0

0

0q{1,3}

N1

q{1,2,3,4}q{1,2,3,4}



0

1

1

q{1} q{1,2,3}

q{1,4} q{1,2,3,4}

1

0

1

1q{1,3,4}

0

0

0q{1,3}

N1

q{1,2,3,4}q{1,2,3,4}



0

1

1

q{1} q{1,2,3}

q{1,4} q{1,2,3,4}

1

0

1

1q{1,3,4}

0
0

0

0q{1,3}

N1

q{1,2,3,4}q{1,2,3,4}



0

1

1

q{1} q{1,2,3}

q{1,4} q{1,2,3,4}

1

0

1

1q{1,3,4}

0
0 1

0

0q{1,3}

N1

q{1,2,3,4}q{1,2,3,4}



0

1

1

q{1} q{1,2,3} q{1,4}

q{1,2,3,4}

0

1
1

q{1,3,4}

0

0

0
0

q{1,3}
1

1

N1

q{1,2,3,4}q{1,2,3,4}



0

1

1

q{1} q{1,2,3} q{1,4}

q{1,2,3,4}

0

1
1

q{1,3,4}

0

0

0
0

q{1,3}
1

1

010110

q1
N1

q{1,2,3,4}q{1,2,3,4}



0

1

1

q{1} q{1,2,3} q{1,4}

q{1,2,3,4}

0

1
1

q{1,3,4}

0

0

0
0

q{1,3}
1

1

010110

0

q1
N1

q{1,2,3,4}q{1,2,3,4}



0

1

1

q{1} q{1,2,3} q{1,4}

q{1,2,3,4}

0

1
1

q{1,3,4}

0

0

0
0

q{1,3}
1

1

010110

1

q1 1 q2 q3
N1

𝞮

q{1,2,3,4}q{1,2,3,4}



0

1

1

q{1} q{1,2,3} q{1,4}

q{1,2,3,4}

0

1
1

q{1,3,4}

0

0

0
0

q{1,3}
1

1

010110

0

q1 q30
N1

q{1,2,3,4}q{1,2,3,4}



0

1

1

q{1} q{1,2,3} q{1,4}

q{1,2,3,4}

0

1
1

q{1,3,4}

0

0

0
0

q{1,3}
1

1

010110

1

q1 1 q2 q3 1

1

q4
N1

𝞮

q{1,2,3,4}q{1,2,3,4}



0

1

1

q{1} q{1,2,3} q{1,4}

q{1,2,3,4}

0

1
1

q{1,3,4}

0

0

0
0

q{1,3}
1

1

010110

1

q1 1 q2 𝞮 q3 1

1

q4
N1

q{1,2,3,4}q{1,2,3,4}



0

1

1

q{1} q{1,2,3} q{1,4}

q{1,2,3,4}

0

1
1

q{1,3,4}

0

0

0
0

q{1,3}
1

1

010110

0

q1 0 q3

0

q4
N1

q{1,2,3,4}q{1,2,3,4}q{1,2,3,4}



Regular Operations : 
Kleene’s theorem (NFA)



Regular Operations : 
Kleene’s theorem



Regular Operations : 
Kleene’s theorem







Kleene’s 
theorem



Let NA=(QA,∑,δA,q0A,FA) be a NFA accepting LA and
NB=(QB,∑,δB,q0B,FB) be a NFA accepting LB (QA∩QB=∅).

Kleene’s 
theorem



Let NA=(QA,∑,δA,q0A,FA) be a NFA accepting LA and
NB=(QB,∑,δB,q0B,FB) be a NFA accepting LB (QA∩QB=∅).

Consider NU=( {q0}∪QA∪QB ,∑,δU,q0,FU) where

δU(q0,𝞮) = {q0A,q0B}, δU(q0,a) = ∅ for all a≠𝞮,
δU(q,a) = δX(q,a) for all q∈QX, X∈{A,B}, and all a,
FU = FA∪FB.
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Let NA=(QA,∑,δA,q0A,FA) be a NFA accepting LA and 
NB=(QB,∑,δB,q0B,FB) be a NFA accepting LB (QA∩QB=∅).

Consider NU=( {q0}∪QA∪QB ,∑,δU,q0,FU) where 
 
        δU(q0,𝞮) = {q0A,q0B}, δU(q0,a) = ∅ for all a≠𝞮, 
 
        δU(q,a) = δX(q,a) for all q∈QX, X∈{A,B}, and all a,  
 
        FU = FA∪FB.
LU = LA ∪ LB.

Kleene’s 
theorem
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Let NA=(QA,∑,δA,q0A,FA) be a NFA accepting LA and
NB=(QB,∑,δB,q0B,FB) be a NFA accepting LB (QA∩QB=∅).
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Let NA=(QA,∑,δA,q0A,FA) be a NFA accepting LA and
NB=(QB,∑,δB,q0B,FB) be a NFA accepting LB (QA∩QB=∅).

Consider NC=( QA∪QB ,∑,δC,q0A,FB) where
δC(q,a) = δB(q,a) for all q∈QB, all a,
δC(q,a) = δA(q,a) for all q∈QA, all a≠𝞮,
δC(q,𝞮) = δA(q,𝞮) for all q∈QA\FA,
δC(q,𝞮) = δA(q,𝞮)∪{q0B} for all q∈FA.
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Let NA=(QA,∑,δA,q0A,FA) be a NFA accepting LA and 
NB=(QB,∑,δB,q0B,FB) be a NFA accepting LB (QA∩QB=∅).

Consider NC=( QA∪QB ,∑,δC,q0A,FB) where 
 
        δC(q,a) = δB(q,a) for all q∈QB, all a,   
        δC(q,a) = δA(q,a) for all q∈QA, all a≠𝞮,  
        δC(q,𝞮) = δA(q,𝞮) for all q∈QA\FA,  
        δC(q,𝞮) = δA(q,𝞮)∪{q0B} for all q∈FA.

LC = LA∘LB.

Kleene’s 
theorem
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Let NA=(QA,∑,δA,q0A,FA) be a NFA accepting LA.

Consider NS=( QA∪{q0} ,∑,δS,q0,FA∪{q0}) where
δS(q0,𝞮) = q0A, and δS(q0,a) = ∅ for all a≠𝞮,
δS(q,a) = δA(q,a) for all q∈QA\FA, all a,
δs(q,𝞮) = δA(q,𝞮)∪{q0A} for all q∈FA,
δs(q,a) = δA(q,a) for all q∈FA, all a≠𝞮.
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Let NA=(QA,∑,δA,q0A,FA) be a NFA accepting LA.

Consider NS=( QA∪{q0} ,∑,δS,q0,FA∪{q0}) where  
 
        δS(q0,𝞮) = q0A, and δS(q0,a) = ∅ for all a≠𝞮,  
 
        δS(q,a) = δA(q,a) for all q∈QA\FA, all a,   
        δs(q,𝞮) = δA(q,𝞮)∪{q0A} for all q∈FA,  
        δs(q,a) = δA(q,a) for all q∈FA, all a≠𝞮.
LS = (LA)*.
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