
COMP-330  
Theory of Computation

Fall 2019 -- Prof. Claude Crépeau  
Lec. 4 : DFAs, NFAs + 

Kleene’s theorem



TUTORIALS Hours :  
        Pouriya : Friday 13:00-14:00 ARTS W-215 (cap 105) 
Pierre-William : Monday 15:00-16:00 ARTS 150 (cap 88) 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COMP 330 Fall 2019: 
Lectures Schedule

14. Context-free languages
15. Pushdown automata
16. Parsing
17. The pumping lemma for CFLs
18. Introduction to computability
19. Models of computation                                             Basic computability theory
20. Reducibility, undecidability and Rice’s theorem
21. Undecidable problems about CFGs
22. Post Correspondence Problem
23. Validity of FOL is RE / Gödel’s and Tarski’s thms
24. Universality / The recursion theorem 
25. Degrees of undecidability
26. Introduction to complexity

1-2. Introduction 
      1.5. Some basic mathematics
2-3. Deterministic finite automata 
                                 +Closure properties,
4. Nondeterministic finite automata
5. Minimization+ Myhill-Nerode theorem 
6. Determinization+Kleene’s theorem
7. Regular Expressions+GNFA
8. Regular Expressions and Languages
9-10. The pumping lemma
11. Duality
12. Labelled transition systems
13. MIDTERM



Examples: automata for 
multiples of N base B

automata for multiples of N = 0 mod N


examples mod 2, mod 3, mod 7



0 MOD 2 (base 10)

q1q0

0,2,4,6,8 1,3,5,7,9
0,2,4,6,8

1,3,5,7,9

M2,10

Remember what you learned in elementary school: 
N is a multiple of 2 iff it ends by 0,2,4,6 or 8.

M2,10 stops in state qr ⟺ w = r mod 2



0 MOD 2 (base 2)

q1q0

0 1
0

1

M2,2

Remember what you learned in school of CS: 
N (in binary) is a multiple of 2 iff it ends by 0.

M2,2 stops in state qr ⟺ w = r mod 2



0 MOD 3 (base 2)
gcd(B,N) = 1

M3,2

1

q0

0

1
0

1
q1

q2

0

M3,2 stops in state qr ⟺ w = r mod 3
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0 MOD 3 (base 3)

q0
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12

gcd(B,N) > 1

M3,3

M3,3 stops in state qr ⟺ w = r mod 3



0 MOD 3 (base 3)

q1q0

0 1,2
0

1,2

M'3,3

Remember what you learned in school of CS: 
N (in ternary) is a multiple of 3 iff it ends by 0.

M'3,3 stops in state q0 ⟺ w = 0 mod 3
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M7,10

multiples of 7



Another example: 
multiples of 7...



Another example: 
multiples of 7...

Remember forever what you are learning in 
COMP-330 today : N is a multiple of 7 if 
N∈L(M7,10).


Example: 54705 is a multiple of 7 because

5 = (10x0+5) = 5 = 5 mod 7,

54 = (10x5+4) = 54 = 5 mod 7, 

547 = (10x5+7) = 57 = 1 mod 7,

5470 = (10x1+0) = 10 = 3 mod 7 and 

54705 = (10x3+5) = 35 = 0 mod 7
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Another example: 
multiples of 7...

Remember forever what you learn in 
COMP-330 today : N is a multiple of 7 if 
N∈L(M7,10).

Example: 54705 is a multiple of 7 because 
5 = (10x0+5) = 5 = 5 mod 7,
54 = (10x5+4) = 54 = 5 mod 7, 
547 = (10x5+7) = 57 = 1 mod 7,
5470 = (10x1+0) = 10 = 3 mod 7 and 
54705 = (10x3+5) = 35 = 0 mod 7.



0 MOD 7 (base 10)

q1
q2 q3
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gcd(B,N) = 1

M07,10

M7,10 stops in state qr ⟺ w = r mod 7



1 MOD 7 (base 10)
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M7,10 stops in state qr ⟺ w = r mod 7
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2 MOD 7 (base 10)
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M7,10 stops in state qr ⟺ w = r mod 7

M27,10



3 MOD 7 (base 10)
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M7,10 stops in state qr ⟺ w = r mod 7

M37,10



4 MOD 7 (base 10)
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M47,10



5 MOD 7 (base 10)
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Regular Operations : 
Kleene’s theorem

Stephen KleeneStephen Kleene
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Regular Operations : 
Kleene’s theorem

Let MA=(QA,∑,δA,q0A,FA) be a DFA accepting LA

and MB=(QB,∑,δB,q0B,FB) be a DFA accepting LB.

Consider MU=(QAxQB,∑,δU,(q0A,q0B),FU) where
δU((q,q’),s) = ( δA(q,s), δB(q’,s) ) for all q,q’,s

and
FU = { (q,q’) | q∈FA or q’∈FB }.
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and MB=(QB,∑,δB,q0B,FB) be a DFA accepting LB.
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LU = LA∪LB.
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(Not the same as FA × FB.)
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(Not the same as FA × FB.)

The resulting language would be the
intersection and not the union. This proves
that the class of regular languages is closed
under intersection.



Let MA=(QA,∑,δA,q0A,FA) be a DFA accepting LA 
and MB=(QB,∑,δB,q0B,FB) be a DFA accepting LB.

Consider MU=(QAxQB,∑,δU,(q0A,q0B),FU) where 
     δU((q,q’),s) = ( δA(q,s), δB(q’,s) ) for all q,q’,s 
and  
     FU = { (q,q’) | q∈FA or q’∈FB }.

LU = LA∪LB.

We can write it as FU = (FA × QB) ∪ (QA × FB). 
                       (Not the same as FA × FB.)

The resulting language would be the 
intersection and not the union. This proves 
that the class of regular languages is closed 
under intersection. 
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q1

N1



Non-Deterministic 
Finite Automata

010110

0

q1

N1



Non-Deterministic 
Finite Automata

010110

1

q1
1 q2 q3

N1
𝞮



Non-Deterministic 
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Non-Deterministic 
Finite Automata
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Non-Deterministic 
Finite Automata
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Nondeterministic 
Finite Automata

010110

q1 q3 q4

010110 ∈ LN₁ ⇔ 


{q1,q3,q4} ∩ F = {q4} ≠ ∅

N1



Definition of NFA

∑𝞮 = ∑∪{𝞮}         𝓟(Q) = { S : S⊆Q }





Definition of NFA

Let N = (Q,∑,δ,q0,F) be a nondeterministic  
finite state automaton and let w=w1w2...wn 
(n≥0) be a string where each symbol wi∈∑.


N accepts w if ∃ m≥n, ∃ s0,s1,...,sm and  
∃ y1y2...ym = w, with each yi ∈ ∑𝞮 s.t. 
    1. s0 = q0  
   2. si+1 ∈ δ(si,yi+1)    for i = 0 ... m-1, and 
   3. sm ∈ F
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