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Is it possible to paint a colour on 
each region of a map so that no 

neighbours are of the same colour ?



Obviously, yes, if you can use 
as many colours as you 

like...



Only two maps are 1-colourable.

1-colouring 
problem
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Tractable Problems 
(P)

2-colorability of maps.

Primality testing. 
(but probably not factoring)

Solving NxNxN Rubik’s cube.

Finding a word in a dictionary.

Sorting elements...
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Fortunately, many practical problems 
are tractable. The name P stands for 
Polynomial-Time computable.

More formally, there exists a TM to 
compute solutions to the problem and 
there exists a polynomial Q such that 
the number of steps on each input x 
before halting is no more than Q(|x|).
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Tractable Problems 
(P)

Fortunately, many practical problems are 
tractable. The name P stands for 
Polynomial-Time computable.

Computer Science studies mostly 
techniques to approach and find efficient 
solutions to tractable problems.

Some problems may be efficiently solvable 
but we might not be able to prove that...



Tractable Problems 
(P)



Tractable Problems 
(P)

The name P stands for Polynomial-Time
computable.



Tractable Problems 
(P)

The name P stands for Polynomial-Time
computable.

Q: Why choose this level of granularity ?
Why not choose linear-time for instance ?



Tractable Problems 
(P)

The name P stands for Polynomial-Time 
computable.

Q: Why choose this level of granularity ? 
Why not choose linear-time for instance ?

A: because P is the same for all types of 
Turing machines and any reasonable 
model. This is not true of linear-time for 
instance...
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P = NP ?
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All maps are 4-colourable.

4-colouring problem

 Vietnam 
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K-colouring of 
 Maps (planar graphs)

K=1 only the maps with zero or one region 
       are 1-colourable.

K=2 easy to decide. Impossible as soon as 3 
       regions touch each other.

K=3 No known efficient algorithm to 
       decide. It is easy to verify a solution.

K≥4 all maps are 4-colourable. (long proof) 
Does not imply easy to find a 4-colouring.
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3-colouring of 
Maps

Seems hard to solve in general,

Is easy to verify when a solution is given, 
(is in NP : guess a solution and verify it)

Is a special type of problem (NP-complete) 
because an efficient solution to it would 
yield efficient solutions to ALL problems 
in NP!
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Examples of NP- 
Complete Problems
SAT: given a boolean formula, is there an 
assignment of the variables making the 
formula evaluate to true ?

Travelling Salesman: given a set of cities 
and distances between them, what is the 
shortest route to visit each city once.

KnapSack: given items with various weights, 
is there of subset of them of total weight K.
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Many practical problems are NP-complete.

If any of them is easy, they are all easy.

In practice, some of them may be 
solved efficiently in some special cases.

Some books list hundreds of such 
problems.
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NP-Complete 
Problems

100 pages 
1979 !!!



Decidable

Languages

Complexity 
Theory



Decidable

Languages

NP

Complexity 
Theory



Decidable

Languages

NP

P

Complexity 
Theory



Decidable

Languages

NP

P

P = NP ?

Complexity 
Theory



Decidable

Languages

NP

P

P = NP ?

complete

Complexity 
Theory



P vs NP



P vs NP



P vs NP



P vs NP



P vs NP



P vs NP



P vs NP



P vs NP



P vs NP



P vs NP



∃ . . , ∀x ∈ L, ∃w, [ (x, w) accepts ]

x  

COMPLETENESS

w



∃ . . , ∀x ∈ L, ∃w, [ (x, w) accepts ]

x  

COMPLETENESS

w

x∈L



∃ . . , ∀x ∈ L, ∃w, [ (x, w) accepts ]

x  

COMPLETENESS

w

x∈L

accept



∃ . . , ∀x ∈ L, ∃w, [ (x, w) accepts ]

x  

SOUNDNESS

w

 and ∀x ∉ L, ∀w, [ (x, w) rejects ]



∃ . . , ∀x ∈ L, ∃w, [ (x, w) accepts ]

x  

SOUNDNESS

w

x∉L

 and ∀x ∉ L, ∀w, [ (x, w) rejects ]



∃ . . , ∀x ∈ L, ∃w, [ (x, w) accepts ]

reject
x  

SOUNDNESS

w

x∉L

 and ∀x ∉ L, ∀w, [ (x, w) rejects ]
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Cook-Levin 
Theorem

*"                     " really means: 
 "any language A provably in NP". 

*
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Cook-Levin 
Theorem: ømove

𝞭(q1,b)=(q1,c,L)
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Cook-Levin 
Theorem



⟨ø⟩ ∈ SAT 
iff 

N accepts w 
within nk steps.

Cook-Levin 
Theorem
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Vertex-Cover ∈ NP-Complete: 
⟨G,k⟩∈ V-C -> ⟨ø⟩∈ 3SAT
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Beyond 
NP-Completeness

PSpace Completeness: problems that 
require a reasonable (Poly) amount of 
space to be solved but may use very 
long time though.

Many such problems. If any of them 
may be solved within reasonable (Poly) 
amount of time, then all of them can.
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PSpace Completeness
Geography Game: 
 

Given a set of country names: Aruba, Cuba, 
Canada, Equador, France, Italy, Japan, Korea, 
Nigeria, Russia, Vietnam, Yemen.

A two player game: One player chooses a 
name and crosses it out. The other player 
must choose a name that starts with the last 
letter of the previous name and so on. A 
player wins when his opponent cannot play 
any name.
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Generalized Geography

Given an arbitrary set of names:
w1, ..., wn.



Generalized Geography

Given an arbitrary set of names: 
w1, ..., wn.

Is there a winning strategy for the 
first player to the previous game ?
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Theoretical 
Computer Science
Challenges of TCS:

FIND efficient solutions to many problems. 
(Algorithms and Data Structures)

PROVE that certain problems are NOT 
computable within a certain time or space.

Consider new models of computation. 
(Such as a Quantum Computer)
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