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Analysis of Algorithms



Analysis of Addition

carry = 0
for:=0to N -1 do

rli| < (ali] 4 bli] + carry) % 10

carry < (ali| + bli| + carry)/10
end for

r|N| < carry



Analysis of Addition

cst {carry =0
forc=0to N -1 do
rii] < (ali| + blt] + carry) 7% 10

carry < (ali] + bli] + carry)/10
end for

r|N| < carry



Analysis of Addition

cst {carry =
fori.=0to N -1 do
cst{ rit] < (alz] + blz| + carry) % 10
carry < (alt] + bli] 4+ carry)/10
end for
r|N| < carry



Analysis of Addition

cst {cafrry =
forz—OtoN—l do

linear cst{ ( [ ] T b[ ] T CCLTT?/) % 10
carry < (ali| + bli| + carry)/10

end for
r|N| < carry



Analysis of Addition

cst {cafrry =
forz—OtoN—l do

linear cst{ ( [ ] T b[ ] T CCLTT?/) % 10
carry < (ali| + bli| + carry)/10

end for
cst {r[N] < carry



Analysis of Addition

cst {cafrry =
forZ—OtoN—l do

linear cst{ ( [ ] + b[ ] T CCLTT?/) 7 10
carry < (ali| + bli| + carry)/10

end for
cst {r[N] < carry

Time (N) = ci1 + cy»xN



Analysis of Multiplication

for 7=0to N —1do

carry <— 0

forc.=0to N —1do
prod < (alt] * b[j] + carry)

tmplj]li + J.

— prod%10

carry <— prod/10

end for

tmp|j||N + 7| < carry

end for



Analysis of Multiplication

for 7=0to N —1do
cst{carry < 0
for:=0to N —1do
prod < (ali] * b[j| + carry)
tmp|jl|li + j] < prod710
carry <— prod/10
end for
tmpj|[N + j| < carry
end for




Analysis of Multiplication

for 7=0to N —1do
cst{carry < 0
for.=0to N —1do
prod < (alt] * b[j] + carry)
) :
2 tmpl|jlli + j] < prod710
carry <— prod/10
end for
tmplj|[N + j| < carry
end for




Analysis of Multiplication

for 7=0to N —1do

cst{carry < 0

forz—OtoN—ldo
prod <7
{ tmp|j]
carry <7 prod /10

linear

end for

x b|j| + carry)
| < prod%10

tmp|j||N + j| < carry

end for



Analysis of Multiplication

for 7=0to N —1do

cst{carry < 0

forz—OtoN—ldo
prod <7
{ tmp|j]
carry <7 prod /10

linear

end for

x b|j| + carry)
| < prod%10

cst {tmpl|j||N + j| + carry

end for



Analysis of Multiplication

for 7=0to N —1do
cst{carry < 0

forz—OtoN—ldo
prod <— x b|j| + carry)
{tmp | < prod%10
carry <7 p’rod /10

end for
cst {tmpl|j||N + j| + carry
end for

quadratic
linear




Analysis of Multiplication

carry <— 0
for:=0to2x /N —1do

SUM <— Carry
for ) =0to N —1do

sum <— sum + tmp|j||i
end for
rli] + sum%10
carry <— sum/10
end for

r|2x N| < carry



Analysis of Multiplication

cst{

carry <— 0
for:=0to2x /N —1do

SUM <— Carry
for ) =0to N —1do

sum <— sum + tmp|j||i
end for
rli] + sum%10
carry <— sum/10
end for

r|2x N| < carry



Analysis of Multiplication

cst{ carry <— 0
for1.=0to2*x N —1do

cst{ sum < carry
for ) =0to N —1do

sum <— sum + tmp|j||i
end for
rli] + sum%10
carry <— sum/10
end for

r|2x N| < carry



Analysis of Multiplication

cst{ carry <— 0
for1.=0to2*x N —1do

cst{ sum < carry
for =0to N —1do

cst{ sum < sum + tmp|j||i]
end for
r(i] < sum%10
carry <— sum/10
end for

r|2x N| < carry



Analysis of Multiplication

cst{ carry <— 0
for1.=0to2*x N —1do

cst{ sum < carry
for 7 =0to N —1do
{ cst{ sum < sum + tmpl|j][i]
end for
rli] + sum%10
carry < sum/10

end for
r|2x N| < carry

linear



Analysis of Multiplication

cst{ carry <— 0
for1.=0to2*x N —1do

cst{ sum < carry
for 7 =0to N —1do
cst{ sum < sum + tmpl|j][i]
end for
{ r(i] + sum%10
cst
carry < sum/10

end for
r|2x N| < carry

linear



Analysis of Multiplication

cst

carry <— 0
for:=0to2«x N —1do
cst{ sum < carry
for 7 =0to N —1do
{ cst{ sum < sum + tmpl|j][i]
end for
rli] < sum%10
carry < sum/10

end for
r|2 *x N| < carry

quadratic
linear

cst




Analysis of Multiplication

cst

carry <— 0
for:=0to2«x N —1do
cst{ sum < carry
for 7 =0to N —1do
{ cst{ sum < sum + tmpl|j][i]
end for
rli] < sum%10
carry < sum/10

end for
r|2 *x N| < carry

quadratic
linear

cst




Analysis of Algorithms

Algorithm 2 Multiplication (base 10) of two numbers a and b

for j=0to N —1do
carry < 0
fori=0to N —1do

prod < (ali] % b[j] + carry)

tmpljlli + j| < prod710
carry < prod/10
end for
tmplj][N + j] < carry
end for

carry < 0
fort:=0to2x N —1do
sum <— carry
for j=0to N —1do

sum <— sum + tmp|j]|i]
end for
r(i] <+ sum%10
carry < sum/10
end for

r|2 %« N| < carry




Analysis of Algorithms

Algorithm 2 Multiplication (base 10) of two numbers a and b
for j=0to N —1do
carry < 0
for:=0to N —1do
prod < (ali] * b[j] + carry)

tmpljlli + j] + prod%10 carry < 0
carry < prod/10 fori=0to2x N —1do
end for Sum <— carry
tmp[j]|N + j] < carry for j=0to N —1do
end for sum <— sum + tmp|j]|¢]
end for

r(i] <+ sum%10
carry < sum/10
end for
r|2 %« N| < carry

"ime (N) = c1 + c>XN + Cc3%XN-



Analysis of Algorithms
Addition

Time (N) = c1 + C»XN

Multiplication

Time (N) = c1 + Cco2XN 4+ Cc3%XN4



Analysis of Algorithms
Addition

Time (N) 1s O (N)

Multiplication

Time (N) is O (N¢)




Analysis of Algorithms

Unary
Representation
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Representation

Addition

+1000

+ 750

+500

+250

¥

v v L} L} L} L}
1 2 3 1 5 6 7 8 9 10

x> L 250
2x



Analysis of Algorithms
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Bases and Binary
Representation



Base 8 vs Base 2

(2143)3

=(?7?277)



Base 8 vs Base 2

(2143)s

NN

=( 010 001 100 101 )o
=(10001100101)>



Base 2 vs Base 8

(10010010101010101),
=(10 010 010 101 010 101),
=(2 2 2 5 2 5),

=(222525) g



Base 2 vs Base |0

(10010010101010101) >
= (65536+8192+1024+256+64+16+4+1) 10
—_ (75093) 10



Powers of 2 in Base |0

20=1 21=2 22=4

23=8 24=16 2°=32
25=64 2'=128 28=256
2°=512 210=1024 211=2048
212=4096 213=8192 2'9=16384
21°=32768 21°=65536

232 = 4 294 967 296



Powers of |10 in Base 2

10°=1

101=1010
104=1100110
10°=1111101000 =21
104=10011100010000



Base |0 vs Base 2

(75093) 10

=(111*10011100010000

+101*1111101000
+1001*1010

+101) >
=(10010010101010101)>



to Base 2

Algorithm 3 Convert integer to binary

INPUT: a number m
OUTPUT: the number m expressed in base 2 using a bit array b| |
1 <0
while m > 0 do
bli] +— m%2
m <— m/2
1< 1+ 1
end while

























75093

N
N
o°
N

37546
18773
9386
4693
2346
1173
586
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N
N
o°
N

37546
18773
9386
4693
2346
1173
586
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N
N
o°
N

37546
18773
9386
4693
2346
1173
586
293
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RFOROROKFOHR



75093

N
N
o°
N

37546
18773
9386
4693
2346
1173
586
293
146

RFOROROKFOHR



75093

37546
18773
9386
4693
2346
1173
586
293
146
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75093

37546
18773
9386
4693
2346
1173
586
293
146

o°

RFOROROKFOHR

73
36
18

o°
N

0
1
0
0




75093

37546
18773
9386
4693
2346
1173
586
293
146

o°

RFOROROKFOHR

73
36
18

o°

0
1
0
0
1




75093

37546
18773
9386
4693
2346
1173
586
293
146

o°

RFOROROROHR

73
36
18

o°

0
1
0
0
1
9,




75093

/2 22 /2 %2
37546 1 73 0
18773 0 36 1
9386 1 18 0
4693 O 9 0
2346 1 4 1
1173 O 2 0
586 1 1 0
146 1




75093

/2 %2 /2 %2
37546 1 73 0
18773 0 36 1
9386 1 18 0
4693 0 9 0
2346 1 4 1
1173 0 2 0
586 1 1 0
293 0 0 1
146 1 -




75093

37546
18773
9386
4693
2346
1173
586
293
146

o°
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73
36
18
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750903 =(10010010101010101)»

/2 22 /2 %2
37546 1 73 0
18773 0 36 1
9386 1 18 0
4693 O 9 0
2346 1 4 1
1173 O 2 0
586 1 1 0
293 0 0 1
146 1



why does it work ?
m= 2* (m/2) + m%2

10010010101010101
- 2+1001001010101010 + 1

m= * (m/B) + m%f




why does it work ?



why does it work ?

m = 10 161



why does it work ?

m = i= 0 161
= (bn—lbn—Z---blbO) :




why does it work ?

m= Yy 'b;p*

— (bn_lbn—Z---blbO) 3
= (bn—lbn—Z---blo) B + bO




why does it work ?

m = n-1 biﬁi

1=0

— (bn_lbn—Z---blbO) 3
= (bn—lbn—Z---blo) B + bO
= ﬁ* (bn-1bn-2...b1) + bO




why does it work ?

m= Y b;f?
= (bn-1bn-2..b1bo) g
- (bn_lbn_z...blo) B + bO
= B* (bn-1bn-2..b1)g + bo

= [B* (bn_lbn_z...blbo/ﬁ) + Do




why does it work ?

m= Y3 b;f?
= (bn-1bn-2..b1bo) g
= (bn-1bn-2..010)g + bo
— ﬁ* (bp-1bn-2..b1) g + bo
= [B* (bn-1bn-2..b1bo/B) + bo

m = B* (m/ﬁ) + m%ﬁ




why does it work ?

m= Y3 b;f?
= (bn-1bn-2..b1bo) g
= (bn-1bn-2..010)g + bo
— ﬁ* (bp-1bn-2..b1) g + bo
= B* (bn-1bn-2..bibo/B) + bo

m = 6* (m/[}) + m%ﬁ



why does it work ?

m= Y3 b;f?
= (bn-1bn-2..b1bo) g
= (bn-1bn-2..010)g + bo
— ﬁ* (bp-1bn-2..b1) g + bo
= B* (bn-1bn-2..bibo/B) + bo

m = 6* (m/[}) + m%ﬁ



why does it work ?

m= Y3 b;f?
= (bn-1bn-2..b1bo) g
= (bn-1bn-2..010)g + bo
— ﬁ* (bp-1bn-2..b1) g + bo
= B* (bn-1bn-2..bibo/B) + bo

m = 6* (m/[}) + m%ﬁ



to Base B

Algorithm 3 Convert integer to binary

INPUT: a number m
OUTPUT: the number m expressed in base.using a bit array b| |
1< 0
while m > 0 do
bli] < m%
m < m/
1< 1+ 1
end while
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15018 3
3003 3
600 3
0
0

120




75093

15018 3
3003 3
600 3
0
0
4

120




75093

15018 3
3003 3
600 3
120 0
0
4
4




75093

15018 3
3003 3
600 3
120 0
0
4
4

24




75093

15018
3003
600
120
24



75093

15018
3003
600
120
24

=(4400333) s
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