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Grade School Algorithms

carry ← 0 
for i ← 0 to N−1 do 
  r[i]←R[a[i],b[i],carry] 
  carry←L[a[i],b[i],carry] 
end for 
r[N]←carry



Grade School Algorithms

L[i,j,0]                               R[i,j,0]                              

R 0 1 2 3 4 5 6 7 8 9 
0 0 1 2 3 4 5 6 7 8 9  
1 1 2 3 4 5 6 7 8 9 0 
2 2 3 4 5 6 7 8 9 0 1 
3 3 4 5 6 7 8 9 0 1 2 
4 4 5 6 7 8 9 0 1 2 3 
5 5 6 7 8 9 0 1 2 3 4 
6 6 7 8 9 0 1 2 3 4 5 
7 7 8 9 0 1 2 3 4 5 6 
8 8 9 0 1 2 3 4 5 6 7 
9 9 0 1 2 3 4 5 6 7 8

L 0 1 2 3 4 5 6 7 8 9 
0 0 0 0 0 0 0 0 0 0 0 
1 0 0 0 0 0 0 0 0 0 1 
2 0 0 0 0 0 0 0 0 1 1 
3 0 0 0 0 0 0 0 1 1 1 
4 0 0 0 0 0 0 1 1 1 1 
5 0 0 0 0 0 1 1 1 1 1 
6 0 0 0 0 1 1 1 1 1 1 
7 0 0 0 1 1 1 1 1 1 1 
8 0 0 1 1 1 1 1 1 1 1 
9 0 1 1 1 1 1 1 1 1 1

0 1 2 3 4 5 6 7 8 9 0 1 2 3 4 5 6 7 8 9
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Grade School Algorithms

L[i,j,0]                               R[i,j,0]                              

R 0 1 2 3 4 5 6 7 8 9 
0 0 1 2 3 4 5 6 7 8 9  
1 1 2 3 4 5 6 7 8 9 0 
2 2 3 4 5 6 7 8 9 0 1 
3 3 4 5 6 7 8 9 0 1 2 
4 4 5 6 7 8 9 0 1 2 3 
5 5 6 7 8 9 0 1 2 3 4 
6 6 7 8 9 0 1 2 3 4 5 
7 7 8 9 0 1 2 3 4 5 6 
8 8 9 0 1 2 3 4 5 6 7 
9 9 0 1 2 3 4 5 6 7 8

L 0 1 2 3 4 5 6 7 8 9 
0 0 0 0 0 0 0 0 0 0 0 
1 0 0 0 0 0 0 0 0 0 1 
2 0 0 0 0 0 0 0 0 1 1 
3 0 0 0 0 0 0 0 1 1 1 
4 0 0 0 0 0 0 1 1 1 1 
5 0 0 0 0 0 1 1 1 1 1 
6 0 0 0 0 1 1 1 1 1 1 
7 0 0 0 1 1 1 1 1 1 1 
8 0 0 1 1 1 1 1 1 1 1 
9 0 1 1 1 1 1 1 1 1 1
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0 0 0 0 0 0 0 0 0 0 0 
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3 0 0 0 0 0 0 0 1 1 1 
4 0 0 0 0 0 0 1 1 1 1 
5 0 0 0 0 0 1 1 1 1 1 
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7 0 0 0 1 1 1 1 1 1 1 
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L[i,j,1]                               R[i,j,1]

R 0 1 2 3 4 5 6 7 8 9  
0 1 2 3 4 5 6 7 8 9 0 
1 2 3 4 5 6 7 8 9 0 1 
2 3 4 5 6 7 8 9 0 1 2 
3 4 5 6 7 8 9 0 1 2 3 
4 5 6 7 8 9 0 1 2 3 4 
5 6 7 8 9 0 1 2 3 4 5 
6 7 8 9 0 1 2 3 4 5 6 
7 8 9 0 1 2 3 4 5 6 7 
8 9 0 1 2 3 4 5 6 7 8 
9 0 1 2 3 4 5 6 7 8 9

L 0 1 2 3 4 5 6 7 8 9 
0 0 0 0 0 0 0 0 0 0 1 
1 0 0 0 0 0 0 0 0 1 1 
2 0 0 0 0 0 0 0 1 1 1 
3 0 0 0 0 0 0 1 1 1 1 
4 0 0 0 0 0 1 1 1 1 1 
5 0 0 0 0 1 1 1 1 1 1 
6 0 0 0 1 1 1 1 1 1 1 
7 0 0 1 1 1 1 1 1 1 1 
8 0 1 1 1 1 1 1 1 1 1 
9 1 1 1 1 1 1 1 1 1 1
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L[i,j,1]                               R[i,j,1]

R 0 1 2 3 4 5 6 7 8 9  
0 1 2 3 4 5 6 7 8 9 0 
1 2 3 4 5 6 7 8 9 0 1 
2 3 4 5 6 7 8 9 0 1 2 
3 4 5 6 7 8 9 0 1 2 3 
4 5 6 7 8 9 0 1 2 3 4 
5 6 7 8 9 0 1 2 3 4 5 
6 7 8 9 0 1 2 3 4 5 6 
7 8 9 0 1 2 3 4 5 6 7 
8 9 0 1 2 3 4 5 6 7 8 
9 0 1 2 3 4 5 6 7 8 9

L 0 1 2 3 4 5 6 7 8 9 
0 0 0 0 0 0 0 0 0 0 1 
1 0 0 0 0 0 0 0 0 1 1 
2 0 0 0 0 0 0 0 1 1 1 
3 0 0 0 0 0 0 1 1 1 1 
4 0 0 0 0 0 1 1 1 1 1 
5 0 0 0 0 1 1 1 1 1 1 
6 0 0 0 1 1 1 1 1 1 1 
7 0 0 1 1 1 1 1 1 1 1 
8 0 1 1 1 1 1 1 1 1 1 
9 1 1 1 1 1 1 1 1 1 1
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C

=(A+B+C) % 𝛃(A+B+C) / 𝛃 =

𝛃 𝛃-git
𝛃-gits
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Example: addition base 8

(1205)8 
+ (736)8 
——————— 

+  0  1  2  3  4  5  6  7  
0  0  1  2  3  4  5  6  7   
1  1  2  3  4  5  6  7 10 
2  2  3  4  5  6  7 10 11 
3  3  4  5  6  7 10 11 12 
4  4  5  6  7 10 11 12 13  
5  5  6  7 10 11 12 13 14 
6  6  7 10 11 12 13 14 15 
7  7 10 11 12 13 14 15 16



Example: addition base 8

(1205)8 
+ (736)8 
——————— 

(13)8 +  0  1  2  3  4  5  6  7  
0  0  1  2  3  4  5  6  7   
1  1  2  3  4  5  6  7 10 
2  2  3  4  5  6  7 10 11 
3  3  4  5  6  7 10 11 12 
4  4  5  6  7 10 11 12 13  
5  5  6  7 10 11 12 13 14 
6  6  7 10 11 12 13 14 15 
7  7 10 11 12 13 14 15 16
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Example: addition base 8

(1205)8 
+ (736)8 
——————— 

( 3)8 +  0  1  2  3  4  5  6  7  
0  0  1  2  3  4  5  6  7   
1  1  2  3  4  5  6  7 10 
2  2  3  4  5  6  7 10 11 
3  3  4  5  6  7 10 11 12 
4  4  5  6  7 10 11 12 13  
5  5  6  7 10 11 12 13 14 
6  6  7 10 11 12 13 14 15 
7  7 10 11 12 13 14 15 16
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Example: addition base 8

(1205)8 
+ (736)8 
——————— 

(43)8 +  0  1  2  3  4  5  6  7  
0  0  1  2  3  4  5  6  7   
1  1  2  3  4  5  6  7 10 
2  2  3  4  5  6  7 10 11 
3  3  4  5  6  7 10 11 12 
4  4  5  6  7 10 11 12 13  
5  5  6  7 10 11 12 13 14 
6  6  7 10 11 12 13 14 15 
7  7 10 11 12 13 14 15 16

10
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Example: addition base 8

(1205)8 
+ (736)8 
——————— 
(1143)8 +  0  1  2  3  4  5  6  7  

0  0  1  2  3  4  5  6  7   
1  1  2  3  4  5  6  7 10 
2  2  3  4  5  6  7 10 11 
3  3  4  5  6  7 10 11 12 
4  4  5  6  7 10 11 12 13  
5  5  6  7 10 11 12 13 14 
6  6  7 10 11 12 13 14 15 
7  7 10 11 12 13 14 15 16

10
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Example: addition base 8

(1205)8 
+ (736)8 
——————— 
( 143)8 +  0  1  2  3  4  5  6  7  

0  0  1  2  3  4  5  6  7   
1  1  2  3  4  5  6  7 10 
2  2  3  4  5  6  7 10 11 
3  3  4  5  6  7 10 11 12 
4  4  5  6  7 10 11 12 13  
5  5  6  7 10 11 12 13 14 
6  6  7 10 11 12 13 14 15 
7  7 10 11 12 13 14 15 16

101



Example: addition base 8

(1205)8 
+ (736)8 
——————— 
(2143)8 +  0  1  2  3  4  5  6  7  

0  0  1  2  3  4  5  6  7   
1  1  2  3  4  5  6  7 10 
2  2  3  4  5  6  7 10 11 
3  3  4  5  6  7 10 11 12 
4  4  5  6  7 10 11 12 13  
5  5  6  7 10 11 12 13 14 
6  6  7 10 11 12 13 14 15 
7  7 10 11 12 13 14 15 16

101

 2



Example: addition base 8

(1205)8 
+ (736)8 
——————— 
(2143)8

101

(1123 in base ten)



Example: addition base 8

(1205)8 
+ (736)8 
——————— 
(2143)8

101

=(1123)X
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3a[i]
b[j]
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6
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b[j]
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6
3a[i]

b[j]

tmp[j][i+j]
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6
3a[i]

b[j]

8tmp[j][i+j]
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𝛃
𝛃

𝛃

𝛃
𝛃

Multiplication



Multiplication base 8
(1205)8 

X (736)8 
——————— 
(7436)8 

(36170)8 
(1064300)8 

——————— 
(1132126)8 =(308310)X
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5061 
———— 
461
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57638372
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57638372

         50

41672542996 / 723 = 57638372
41672542996 % 723 = 50     .
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