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Variables


Alphabet (of terminals)


Substitution Rules


Start Variable

Definition of CFG

0, 1, #

A, B, C, ⟨TERM⟩, ⟨EXPR⟩

A → 0A1
⟨EXPR⟩ → ⟨TERM⟩

A
(left-hand side of the first substitution rule)



Definition of CFG



Parse Tree



Definition of CFL

If u, v and w are strings of variables and 
terminals, and A → w is a rule of the 
grammar, we say that uAv yields uwv, written 
uAv⇒uwv.


We say that u derives v ( u⇒*v ) if u=v or if  
            u⇒u1⇒u2⇒...⇒uk⇒v, k≥0.


The language of G is { w∈∑* | S⇒*w }.



Context-Free Grammars

Formally, grammar G1 :  
 
              V = {A,B} 
              ∑ = {0,1,#} 
              R = {A → 0A1 | B, 
                    B → #} 
              S = A


L(G1) = { 0n#1n | n≥0 }.



Regular Operations : 
Kleene’s theorem (CFG)



Regular Operations : 
Kleene’s theorem (CFL)

CFLs       



Let GA=(VA,∑,RA,SA) be a CFG generating LA and 
GB=(VB,∑,RB,SB) be a CFG generating LB (VA∩VB=∅).


Consider 


- GU=( {SU}∪VA∪VB,

-       ∑,

-       {SU → SA | SB}∪RA∪RB,

-       SU ).


LU = LA ∪ LB.

Kleene’s 
theorem (CFL)



Regular Operations : 
Kleene’s theorem (CFL)

CFLs       



Let GA=(VA,∑,RA,SA) be a CFG generating LA and 
GB=(VB,∑,RB,SB) be a CFG generating LB (VA∩VB=∅).


Consider GC=(

-                             {SC}∪VA∪VB ,


-                    ∑,


-                    {SC → SASB}∪RA∪RB,


-                    SC ).

LC = LA∘LB.

Kleene’s 
theorem (CFL)



Regular Operations : 
Kleene’s theorem (CFL)

CFLs       



Let GA=(VA,∑,RA,SA) be a CFG generating LA.


Consider GS=(

-                            {SS}∪VA ,


-                   ∑,


-                   {SS → 𝞮 | SASS}∪RA,


-                   SS ).

LS = (LA)*.

Kleene’s 
theorem (CFL)



Construction tools 
(and Reductions)

CFLs are closed under union, concatenation and 
star. If there exists a CFL C s. t. either A*=A’, 
A∪C=A’, A∘C=A’ 

    (but neither complement nor intersection) 
or any combinations of these operations then A’ is 
a CFL as long as A is. 
 
( If A’ is NON-CFL then so is A. )



***Construction ***



Construction tools

Constructing a CFG for a regular language L: 
M = (Q={q0,q1,...,qk},∑,δ,q0,F) is converted to  
G = (V={R0,R1,...,Rk},∑,R,S=R0) where 


R contains rule Ri → aRj for each δ(qi,a) = qj 
in M, and rule Ri → 𝞮  for each accept-state 
qi∈F.


R0 is the start variable.



M3,2

1

q0

0

1
0

1
q1

q2

0

M3,2 = (Q={q0,q1,q2},{0,1},δ,q0,F) is converted to  
G3,2 = (V={R0,R1,R2},{0,1},R,S=R0) where 


R: R0 → 0R0 | 1R1 | 𝞮  
   R1 → 0R2 | 1R0 

     R2 → 0R1 | 1R2



extra EXAMPLE of CFG



extra EXAMPLE of CFG



Ambiguity in CFGs



Ambiguity

A string w is derived ambiguously by a CFG 
G if it has two or more distinct leftmost 
derivations. Grammar G is ambigious if it 
generates some string ambiguously.



Ambiguous version of 
example 2.4

G5



Ambiguity

Ambiguity is not desirable in CFG because it 
may lead to unexpected interpretations of a 
string, for instance in the context of arithmetic 
expressions or programming languages.


However, some languages are inherently 
ambiguous, meaning that all grammars 
generating this language must be ambiguous.


example : {aibjck | i=j or j=k}



Chomsky Normal Form
Noam Chomsky



Chomsky Normal Form



Chomsky Normal Form



157



Proof:


First, we add a new start variable S0 and the 
rule S0 → S, where S was the original start 
variable.



Chomsky Normal Form



Second, we take care of all 𝞮-rules. We 
remove an 𝞮-rule "A → 𝞮", where A is not 
the start variable.


Then for each occurrence of A on the right-
hand side of a rule we add a new rule with 
that occurrence deleted.


Accordingly, each rule "R → A" is replaced by 
"R → 𝞮" unless it has been already removed.



Chomsky Normal Form



Third, we handle all unit rules by removing 
each unit rule A → B.


In consequence whenever B → u appears, we 
add the rule A → u unless this is a unit rule 
previously removed.



Chomsky

Normal Form



Finally, we convert all remaining rules as 
follows: A → u1u2...uk for k>2, where each ui 
is a variable or terminal with a series of 
rules A → u1A1, A1 → u2A2,..., Ak-2 → uk-1uk 
where each Ai is a new variable.


When k=2, and A → u1u2, we may replace 
any terminal ui by a variable Ui and the rule 
Ui → ui.



Chomsky

Normal Form



Chomsky

Normal Form



States


Alphabets


Transition function


Start state


Accept states

Definition of PDA

q1
q2 q3

input: a,b,c,d

q1 q2

b,B→A

q1

q2

STACK: A,B,C,D



States


Alphabets


Transition function


Start state


Accept states

Definition of PDA

q1
q2 q3

input: a,b,c,d

q1 q2

b,B→A

q1

q2

STACK: A,B,C,D

q1 q2

b,B→A

input

symbol

stack

input

symbol

stack

output

symbol



Definition of PDA



Definition of PDA

Let M = (Q,∑,𝜞,δ,q0,F) be a pushdown automaton and 
let w=w1w2...wn (n≥0) be a string where each symbol 
wi∈∑.


M accepts w if ∃ m≥n, ∃ r0,r1,...,rm ∈ Q, ∃ s0,s1,…,sm ∈ 𝜞* 
and ∃ y1y2...ym = w, with yi∈∑𝞮 s.t. 
    1. r0 = q0, s0 = 𝞮  
   2. ri+1,b ∈ δ(ri,yi+1,a)    for i = 0...m-1, si=at, si+1=bt      
   3. rm ∈ F                        for some t ∈ 𝜞*, a,b ∈ 𝜞𝞮



next slide



Examples of PDA



Examples of PDA



Examples of PDA



PDA vs CFG



CFG to PDA



Proof: Given a CFG G=(V,∑,R,S), we now 
construct a PDA P=(Q,∑,𝜞,δ,q0,F) for it.


We define a special notation to write an 
entire string on the stack in one step.


We can simulate this action by adding extra 
states to write the string one symbol at a 
time.

CFG to PDA



Let q and r be states of the PDA and let 
a∈∑𝞮 s∈ 𝜞𝞮.


Starting in state q, say we want to read a 
from the input and pop s from the stack. 
Moreover we want to push string u=u1...uℓ 
back onto the stack at the same time and 
end in state r.

CFG to PDA



We implement this action (a,s→u1…uℓ) by 
introducing new states q1,...,qℓ-1 and setting 
the transition function as follows: 
δ(q,a,s) ∋ (q1,uℓ), 
δ(q1,𝞮,𝞮) = {(q2,uℓ-1)}, 
δ(q2,𝞮,𝞮) = {(q3,uℓ-2)}, 
… 
δ(qℓ-1,𝞮,𝞮) = {(r,u1)}.

CFG to PDA



CFG to PDA



CFG to PDA(b)

(a)

(c)



CFG to PDA



PDA to CFG



Giving P features 1 and 2 is easy. 

To give it feature 3, we replace 
each transition that simultaneously pops and pushes with a two-transition 
sequence that goes through a new state, 
each transition that neither pops nor pushes with a two-transition sequence that 
pushes then pops an arbitrary stack symbol.

PDA to CFG



PDA to CFG





⟻ pushing t poping t ⟼



PDA to CFG



PDA to CFG

If Apq generates x, then x can bring P from a state p (with an empty stack) to a 
state q (with an empty stack).



If Apq generates x, then x can bring P from a state p (with an empty stack) to a 
state q (with an empty stack).



If Apq generates x, then x can bring P from a state p (with an empty stack) to a 
state q (with an empty stack).

y
x

a b

⟻ pushing t poping t ⟼



y z

x

If Apq generates x, then x can bring P from a state p (with an empty stack) to a 
state q (with an empty stack).



PDA to CFG

If x can bring P from a state p (with an empty stack) to a state q (with an empty 
stack), then Apq generates x.



If x can bring P from a state p (with an empty stack) to a state q (with an 
empty stack), then Apq generates x.



y
x

a b

If x can bring P from a state p (with an empty stack) to a state q (with an 
empty stack), then Apq generates x.

⟻ pushing t poping t ⟼



y

x

z

If x can bring P from a state p (with an empty stack) to a state q (with an 
empty stack), then Apq generates x.



PDA vs CFG



All languages

Computability Theory

Decidable

 Languages

Context-free

Languages

Regular

Languages

Languages we can describe

NON-Regular Languages

via Pumping Lemma

NON-Regular

Languages


via Reductions



All languages

Computability Theory

Decidable

 Languages

Context-free

Languages

Languages we can describe

NON-CFLs

via Pumping Lemma

NON-CFLs

via Reductions

Regular

Languages



Pumping Lemma for CFLs



Pumping Lemma for CFLs

Yehoshua Bar-Hillel Eli ShamirMicha A. Perles





A∈ℂ𝔽𝕃 ⟹ 
∃p∀s∈A, |s|≥p, ∃uvxyz=s st 1,2,3=true.

∀p∃s∈A, |s|≥p, ∀uvxyz=s s.t. |vy|>0,|vxy|≤p,  
then ∃i≥0 s.t. s’=uvixyiz∉A. 

⟹ A∉ℂ𝔽𝕃

∀p∃s∈A, |s|≥p, ∀uvxyz=s [1 or 2 or 3 = false]. 
⟹ A∉ℂ𝔽𝕃

∀p∃s∈A, |s|≥p, ∀uvxyz=s st 2,3=true [1=false]. 
⟹ A∉ℂ𝔽𝕃

|     |
|   |



CFLs are closed under union, concatenation and 
star. If there exists a CFL C s. t. either A*=A’, 
A∪C=A’, A∘C=A’ 

    (but neither complement nor intersection) 
or any combinations of these operations then A’ is 
a CFL as long as A is. 
 
( If A’ is NON-CFL then so is A. )

Reductions 
(& Construction tools)



*** Reduction example ***
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All languages

Decidable

Languages

CFLs
DCFLs

Regular
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Languages we can describe

Computability Theory



All languages

Decidable

 Languages

Context-free

Languages

Languages    .

we can


     describe

NON-decidable

via Diagonalization

NON-decidable

via Reductions

Regular

Languages

Computability Theory



Turing MACHINES

Alan Turing



States

Input Alphabet

Tape Alphabet

Transition function

Start state

Accept state

Reject state

Definition of TM
q1

q2 q3

a,b,c

q1 q2

b→c,D

q1

qacc

a,b,c,A,B,C,_

qrej



States

Input Alphabet

Tape Alphabet

Transition function

Start state

Accept state

Reject state

Definition of TM
q1

q2 q3

a,b,c

q1 q2

b→c,D

q1

qacc

a,b,c,A,B,C,_

qrej

q1 q2

b→c,D

input

symbol

output

symbol

L or R

head

move



TM definition





TM Configuration



TM Computation



For all a,b,c∈𝜞, u,v∈𝜞*, qi,qj∈Q


Config.  ua qi bv  yields  
config.  u qj acv  if δ(qi,b) = qj,c,L

Config.  ua qi bv  yields  
config.  uac qj v  if δ(qi,b) = qj,c,R

Special cases: 
Config.  qi bv  yields  qj cv  if δ(qi,b) = qj,c,L 
Config.  qi bv  yields  c qj v  if δ(qi,b) = qj,c,R

TM definition



For all a,b,c∈𝜞, u,v∈𝜞*, qi,qj∈Q
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TM definition

ua qi bv


yields (L) 


u qj acv



For all a,b,c∈𝜞, u,v∈𝜞*, qi,qj∈Q
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TM definition

ua qi bv


yields (L) 
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uac qj v



For all a,b,c∈𝜞, u,v∈𝜞*, qi,qj∈Q


Config.  ua qi bv  yields  
config.  u qj acv  if δ(qi,b) = qj,c,L
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config.  uac qj v  if δ(qi,b) = qj,c,R

Special cases: 
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TM definition

ua qi bv


yields (L) 


u qj acv

ua qi bv


yields (R) 


uac qj v

qi bv


yields (L) 


qj cv



For all a,b,c∈𝜞, u,v∈𝜞*, qi,qj∈Q


Config.  ua qi bv  yields  
config.  u qj acv  if δ(qi,b) = qj,c,L

Config.  ua qi bv  yields  
config.  uac qj v  if δ(qi,b) = qj,c,R

Special cases: 
Config.  qi bv  yields  qj cv  if δ(qi,b) = qj,c,L 
Config.  qi bv  yields  c qj v  if δ(qi,b) = qj,c,R

TM definition

ua qi bv


yields (L) 


u qj acv

ua qi bv


yields (R) 


uac qj v

qi bv


yields (L) 


qj cv

qi bv


yields (R) 


c qj v



TM Computation

Start configuration:   q0 w    (w = input string) 


Accepting configuration: state = qaccept

Rejecting configuration: state = qreject



TM Computation

Turing Machine M  accepts input w  if there 
exists configurations C0, C1,..., Cm such that

 C0 is a start configuration


 Ci yields Ci+1      for 0≤i<m


 Cm is an accepting configuration.


The collection of strings that M  accepts is 
the language of M  or the language 
recognized by M, denoted L(M).



TM Computation

A TM decides a language if it recognizes it 
and halts (reaches an accepting or rejecting 
states) on all input strings.

1Often named Recursively-Enumerable in the literature.

2Often named Recursive in the literature.
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TM Examples





TM Examples



TM Examples



More Turing MACHINES

Multitape Turing Machines


Non-Deterministic Turing Machines


Enumerator Turing Machines


Everything else...



Multitape TM



Multitape TM



Multitape TM



Multitape TM



Non-deterministic TM



Non-deterministic TM



Non-deterministic TM



Enumerator TM



Enumerator TM



Enumerator TM



Enumerator TM



Lambda-calculus


Recursive Functions


Programming languages:


FORTRAN, PASCAL, C, JAVA,...


LISP, SCHEME,...

Everything Else

Alonzo Church

J. Barkley Rosser

Stephen Kleene



Church-Turing Thesis

Alonzo Church Alan Turing



Church-Turing Thesis



Hilbert’s 10th problem
Let P be an integer-coefficient polynomial in 
several variables: 
         P(x,y,z)=24x2y3+17xz+5y+25


Is there a set of integers for x,y,z such that 
         P(x,y,z)=0 ?


This problem is undecidable... 
but is Turing-Recognizable...


Needed a formal model of 
computing to prove impossibility. Yuri Matiyasevich



Single variable Poly



All languages
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Context-free
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Turing Decidability

Alan Turing



Format & Notations

Represent objects as strings


⟨O1, O2,..., Ok⟩ is the string representing 
objects O1, O2,..., Ok 


Many encodings are possible.


Implicitly, at beginning of an algorithm, 
check that input is in the correct format, 
otherwise reject.



Format & Notations



Format & Notations



Decidable Languages

Decidable Undecidable
ADFA EQCFG

ANFA ATM

AREX HALTTM

EDFA ETM

EQDFA REGULARTM

ACFG EQTM

ECFG PCP



Decidable Languages 
about DFA



Decidable Languages 
about DFA



Decidable Languages 
about DFA



Decidable Languages 
about DFA



Decidable Languages 
about DFA



Decidable Languages 
about CFG



Decidable Languages 
about CFG



Decidable Languages 
about CFG



Decidable Languages

Decidable Undecidable
ADFA EQCFG

ANFA ATM

AREX HALTTM

EDFA ETM

EQDFA REGULARTM

ACFG EQTM

ECFG PCP



Undecidable Languages 
about CFG



Undecidable Languages 
about TM



Comparing Cardinalities
All languages

languages

that we can 

describe

languages 

that we


can recognize

= <

= ♯ℕ = ♯ℝ= ♯ℕ



Comparing Cardinalities
All languages

languages

that we can 

describe
languages 

that we


can decide

= <

= ♯ℕ = ♯ℝ= ♯ℕ



Undecidable Language 
about TM

ACCEPTANCE



Undecidable Language 
about TM

Assumption: H exists



Undecidable Language 
about TM

H exists ⇒ D exists



Undecidable Language 
about TM

Properties of D

CONTRADICTION



Undecidable Language 
about TM

CONTRADICTION
CONTRADICTION
CONTRADICTION



Undecidable Language 
about TM



Undecidable Language 
about TM



Undecidable Language 
about TM

table



Diagonalization

Decidable Undecidable
ADFA EQCFG

ANFA ATM

AREX HALTTM

EDFA ETM

EQDFA REGULARTM

ACFG EQTM

ECFG PCP



Unrecognizable 
Language about TM

Let M1 and M2 be TMs respectively

recognizing L and its complement L

_ 
.



Unrecognizable 
Language about TM
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Decidable Undecidable
ADFA EQCFG

ANFA ATM

AREX HALTTM

EDFA ETM

EQDFA REGULARTM

ACFG EQTM

ECFG PCP

Reducibility



Reducibility



Reducibility



Reducibility



Reducibility



Reducibility

                                        {0n1n | n≥0}    if M rejects w
L(M2)=                      .

                                            ∑*               if M accepts w{



Reducibility



Reducibility



Reducibility

Decidable Undecidable
ADFA EQCFG

ANFA ATM

AREX HALTTM

EDFA ETM

EQDFA REGULARTM

ACFG EQTM

ECFG PCP

MPCP

ALLCFG

AMBIGCFG



Post Correspondence 
Problem



Post Correspondence 
Problem

An instance of PCP with 6 dominos.


A solution to PCP

aaa
bb

 a 
 bb

bbb
a

aa
a  

__
bb

b
   

aa
a  

bbb
a

b
   

__
bb

__
bb



Given n dominos, [u1/v1] ... [un/vn]  
where each ui or vi is a string of symbols.


Is there an integer k and a sequence 
⟨i1,i2,i3,...,ik⟩ ( with each 1≤ij≤n ) s.t. 
 

ui1 ∘ ui2 ∘ ui3 ∘ ... ∘ uik = vi1 ∘ vi2 ∘ vi3 ∘ ... ∘ vik ?

u1

v1 

u2

v2 

u3

v3 

un

vn 

. . .

Post Correspondence 
Problem



A Solution to PCP

A solution is of this form:

u1

v1 

u2

v2 

u3

v3 

un

vn 

. . .

ui3

vi3 

ui4

vi4 

ui5

vi5 

uik

vik 

. . .ui1

vi1 

ui2

vi2 

s.t. 
ui1 ∘ ui2 ∘ ui3 ∘ ... ∘ uik = vi1 ∘ vi2 ∘ vi3 ∘ ... ∘ vik ?



Post Correspondence 
Problem

Theorem: 
 
The Post Correspondence Problem cannot be 
decided by any algorithm (or computer 
program). In particular, no algorithm can 
identify in a finite amount of time some 
instances that have a No outcome. However, if 
a solution exists, we can find it. PCP is Turing-
recognizable.



Reducing ATM to MPCP

a (mostly) complete example



Post Correspondence 
Problem

Proof Idea: 
 
Reduction - if PCP was decidable then the 
ACCEPTANCE problem would be decidable as well.



Computation History



part 1.

start

…
part 3.

L-move

part 2.

R-move

…
part 4.

copy

part 7.

the end

blank

part 5.

clean

part 6.

ATM :

a Reduction

to MPCP

A story

in seven


parts



Reducing MPCP to PCP



Reducing MPCP to PCP



Reducing MPCP to PCP



Reducibility

Decidable Undecidable
ADFA EQCFG

ANFA ATM

AREX HALTTM

EDFA ETM

EQDFA REGULARTM

ACFG EQTM

ECFG PCP

MPCP

ALLCFG

AMBIGCFG



Reducibility

EQCFG = { ⟨G1,G2⟩ | G1,G2 are CFGs and L(G1)=L(G2)}

Let ⟨G2⟩ be such that L(G2)=∑*.   (G2:  R ➝ 𝞮 | 0R | 1R)
⟨G⟩∈ALLCFG ⟺ ⟨G,G2⟩∈EQCFG

EQCFG decidable ⇒ ALLCFG decidable 



ALLCFG decidable ⇒ ATM decidable 



PDA D(⬌G) for

M does not accept w



One branch checks on whether the beginning of the input string is 
C1 and accepts if it isn’t. 


Another branch checks on whether the input string ends with a 
configuration containing the accept state, qaccept, and accepts if it isn’t. 


The third branch is supposed to accept if some Ci does not properly 
yield Ci+1:


It works by scanning the input until it nondeterministically decides that it 
has come to Ci. 


Next, it pushes Ci onto the stack until it comes to the end as marked by the 
# symbol. 


Then D pops the stack to compare with Ci+1.


They are supposed to match except around the head position, where the 
difference is dictated by the transition function of M.


Finally, D accepts if it discovers a mismatch or an improper update.



                                             ∑*\{                               } if M accepts w
L(D)=                      .

                                                       ∑*          if M rejects w
{

PDA D(⬌G) for

⟨M⟩ does not accept w

On input ⟨M,w⟩ generate ⟨G⟩ s.t. 
     L(G)=∑* ⬌ M rejects w


If AllCFG is decidable, then so is ATM.

accepting
computation

history



Mapping Reducibility



Computable Functions



Mapping Reducibility



Mapping Reducibility







Mapping Reducibility



Mapping Reducibility



Mapping Reducibility







Turing Reducibility



Turing Reducibility



Turing Reducibility



Turing Reducibility



Turing Reducibility



All languages

Computability Theory

Languages

we can describe

Decidable

Languages

......
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Tractable Problems



Tractable Problems 
(P)

2-colorability of maps. 

Primality testing. 
(but probably not factoring) 

Solving NxNxN Rubik’s cube. 

Finding a word in a dictionary. 

Sorting elements...



Tractable Problems 
(P)

Fortunately, many practical problems 
are tractable. The name P stands for 
Polynomial-Time computable. 

More formally, there exists a TM to 
compute solutions to the problem and 
there exists a polynomial Q such that 
the number of steps on each input x 
before halting is no more than Q(|x|).



Tractable Problems 
(P)

Fortunately, many practical problems are 
tractable. The name P stands for 
Polynomial-Time computable. 

Computer Science studies mostly 
techniques to approach and find efficient 
solutions to tractable problems. 

Some problems may be efficiently solvable 
but we might not be able to prove that...



Tractable Problems 
(P)

The name P stands for Polynomial-Time 
computable. 

Q: Why choose this level of granularity ? 
Why not choose linear-time for instance ? 

A: because P is the same for all types of 
Turing machines and any reasonable 
model. This is not true of linear-time for 
instance...
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K-colouring of 
 Maps (planar graphs)

K=1 only the maps with zero or one region 
       are 1-colourable. 

K=2 easy to decide. Impossible as soon as 3 
       regions touch each other. 

K=3 No known efficient algorithm to 
       decide. It is easy to verify a solution. 

K≥4 all maps are 4-colourable. (long proof) 
Does not imply easy to find a 4-colouring.



3-colouring of 
Maps

Seems hard to solve in general, 

Is easy to verify when a solution is given, 
(is in NP : guess a solution and verify it) 

Is a special type of problem (NP-complete) 
because an efficient solution to it would 
yield efficient solutions to ALL problems 
in NP!



Examples of NP- 
Complete Problems
SAT: given a boolean formula, is there an 
assignment of the variables making the 
formula evaluate to true ? 

Travelling Salesman: given a set of cities 
and distances between them, what is the 
shortest route to visit each city once. 

KnapSack: given items with various weights, 
is there of subset of them of total weight K.



NP-Complete 
Problems

Many practical problems are NP-complete. 

If any of them is easy, they are all easy. 

In practice, some of them may be 
solved efficiently in some special cases. 

Some books list hundreds of such 
problems.



NP-Complete 
Problems



NP-Complete 
Problems

100 pages 
1979 !!!
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P vs NP



∃ . . , ∀x ∈ L, ∃w, [ (x, w) accepts ]

x  

COMPLETENESS

w

x∈L

accept



∃ . . , ∀x ∈ L, ∃w, [ (x, w) accepts ]

reject
x  

SOUNDNESS

w

x∉L

 and ∀x ∉ L, ∀w, [ (x, w) rejects ]
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Poly-time Reducibility
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NP-completeness



Cook-Levin 
Theorem



Cook-Levin 
Theorem



Cook-Levin 
Theorem

*"                     " really means: 
 "any language A provably in NP". 

*





Cook-Levin 
Theorem

ø =  øcell ∪ østart ∪ 

øaccept ∪ ømove



Cook-Levin 
Theorem: øcell

i           s 

            j

i           st 

            j



Cook-Levin 
Theorem: øcell



Cook-Levin 
Theorem: østart



Cook-Levin 
Theorem: øaccept



Cook-Levin 
Theorem: ømove



Cook-Levin 
Theorem: ømove

𝞭(q1,b)=(q1,c,L)



Cook-Levin 
Theorem: ømove



Cook-Levin 
Theorem: ømove



Cook-Levin 
Theorem: ømove



⟨ø⟩ ∈ SAT 
iff 

N accepts w 
within nk steps.

Cook-Levin 
Theorem



NP-Complete 
Problems
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NP-Complete
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3SAT is 
NP-Complete
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NP-Complete



CLIQUE is 
NP-Complete



CLIQUE is 
NP-Complete



CLIQUE ∈ NP-Complete: 
⟨ø⟩∈3SAT -> ⟨G,k⟩∈CLIQUE



CLIQUE ∈ NP-Complete:
⟨G,k⟩∈CLIQUE -> ⟨ø⟩∈3SAT



Vertex-Cover is 
NP-Complete



Vertex-Cover is 
NP-Complete



Vertex-Cover is 
NP-Complete





Vertex-Cover ∈ NP-Complete: 
⟨ø⟩∈ 3SAT -> ⟨G,k⟩∈ V-C



Vertex-Cover ∈ NP-Complete: 
⟨G,k⟩∈ V-C -> ⟨ø⟩∈ 3SAT
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NP-Completeness



Beyond 
NP-Completeness

PSpace Completeness: problems that 
require a reasonable (Poly) amount of 
space to be solved but may use very 
long time though. 

Many such problems. If any of them 
may be solved within reasonable (Poly) 
amount of time, then all of them can.



Beyond 
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PSpace=EXPTime ?
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Space/Time Complexity



P≠EXPTime

Decidable

Languages

complete

NP

P

PSpace

EXPTime

Space/Time Complexity



Space Complexity



PSpace Completeness
Geography Game: 
 

Given a set of country names: Aruba, Cuba, 
Canada, Equador, France, Italy, Japan, Korea, 
Nigeria, Russia, Vietnam, Yemen. 

A two player game: One player chooses a 
name and crosses it out. The other player 
must choose a name that starts with the last 
letter of the previous name and so on. A 
player wins when his opponent cannot play 
any name.



Generalized Geography

Given an arbitrary set of names: 
w1, ..., wn. 

Is there a winning strategy for the 
first player to the previous game ?



Theoretical 
Computer Science
Challenges of TCS: 

FIND efficient solutions to many problems. 
(Algorithms and Data Structures) 

PROVE that certain problems are NOT 
computable within a certain time or space. 

Consider new models of computation. 
(Such as a Quantum Computer)
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