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Regular Languages

Let M=(Q,∑, δ,q0,F) be a finite state 
automaton and let w=w1w2...wn (n≥0) be a 
string where each symbol wi is from the 
alphabet ∑.


M accepts w if states s0,s1,...,sn exist s.t. 
    1. s0 = q0  
   2. si+1 = δ(si,wi+1)    for i = 0 ... n-1, and 
   3. sn ∈ F
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Regular Languages

M1 accepts 10010101 since states s0,s1,...,s8 
exist s.t.

    1. s0 = q1

   2. s1 = q2 = δ(q1,1), s2 = q3 = δ(q2,0),  
      s3 = q2 = δ(q3,0), s4 = q2 = δ(q2,1),  
      s5 = q3 = δ(q2,0), s6 = q2 = δ(q3,1),  
      s7 = q3 = δ(q2,0), s8 = q2 = δ(q3,1)

   3. s8 ∈ F



Regular Languages
Let M be a finite state automaton and let 
w=w1w2...wn (n≥0) be a string where each 
symbol wi is from the alphabet ∑.


M recognizes language A if  
 
            A = { w | M accepts w }
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0 MOD 3 (base 10)

Theorem 1.C :  
Let w∈{0,1,...,9}* be of length n≥0. 
 
1) M1 stops in state q0 ⟺ w = 0 mod 3. 
 
2) M1 stops in state q1 ⟺ w = 1 mod 3. 
 
3) M1 stops in state q2 ⟺ w = 2 mod 3.



Examples: automata for 
multiples of N base B

automata for multiples of N = 0 mod N


examples mod 2, mod 3, mod 7
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Remember what you learned in school of CS: 
N (in binary) is a multiple of 2 iff it ends by 0.

M2,2 stops in state qr ⟺ w = r mod 2
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Remember what you learned in school of CS: 
N (in ternary) is a multiple of 3 iff it ends by 0.

M'3,3 stops in state q0 ⟺ w = 0 mod 3
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Another example: 
multiples of 7...

Remember forever what you learn in 
COMP-330 today : N is a multiple of 7 if 
N∈L(M7,10).

Example: 54705 is a multiple of 7 because 
5 = (10x0+5) = 5 = 5 mod 7,
54 = (10x5+4) = 54 = 5 mod 7, 
547 = (10x5+7) = 57 = 1 mod 7,
5470 = (10x1+0) = 10 = 3 mod 7 and 
54705 = (10x3+5) = 35 = 0 mod 7.
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Let MA=(QA,∑,δA,q0A,FA) be a DFA accepting LA 
and MB=(QB,∑,δB,q0B,FB) be a DFA accepting LB.

Consider MU=(QAxQB,∑,δU,(q0A,q0B),FU) where 
     δU((q,q’),s) = ( δA(q,s), δB(q’,s) ) for all q,q’,s 
and  
     FU = { (q,q’) | q∈FA or q’∈FB }.

LU = LA∪LB.















Let MA=(QA,∑,δA,q0A,FA) be a DFA accepting LA 
and MB=(QB,∑,δB,q0B,FB) be a DFA accepting LB.

Consider MU=(QAxQB,∑,δU,(q0A,q0B),FU) where 
     δU((q,q’),s) = ( δA(q,s), δB(q’,s) ) for all q,q’,s 
and  
     FU = { (q,q’) | q∈FA or q’∈FB }.

LU = LA∪LB.

We can write it as FU = (FA × QB) ∪ (QA × FB). 
                       (Not the same as FA × FB.)

The resulting language would be the 
intersection and not the union. This proves 
that the class of regular languages is closed 
under intersection. 
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Definition of NFA

∑𝞮 = ∑∪{𝞮}         𝓟(Q) = { S : S⊆Q }





Definition of NFA

Let N = (Q,∑,δ,q0,F) be a nondeterministic  
finite state automaton and let w=w1w2...wn 
(n≥0) be a string where each symbol wi∈∑.


N accepts w if ∃ m≥n, ∃ s0,s1,...,sm and  
∃ y1y2...ym = w, with each yi ∈ ∑𝞮 s.t. 
    1. s0 = q0  
   2. si+1 ∈ δ(si,yi+1)    for i = 0 ... m-1, and 
   3. sm ∈ F
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NFA-DFA equivalence 

(without empty transitions)

Let N = (Q,∑,δ,q0,F) be an NFA (without empty 
transitions) accepting language A. We show a 
DFA M = (Q’,∑,δ’,q’0,F’) accepting A.

Q’ = 𝓟(Q) = { R | R⊆Q }

δ’(R,a) = { q ∈ Q | ∃r ∈ R, q ∈ δ(r,a) }

q’0 = {q0}

F’ = { R∈Q’ | R∩F≠∅ }
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NFA-DFA equivalence 
(with empty transitions)

Let N = (Q,∑,δ,q0,F) be an NFA accepting 
language A. We construct a DFA 
 M = (Q',∑,δ',q'0,F') accepting A as well.
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Kleene’s 
theorem







Let NA=(QA,∑,δA,q0A,FA) be a NFA accepting LA and 
NB=(QB,∑,δB,q0B,FB) be a NFA accepting LB (QA∩QB=∅).

Consider NU=( {q0}∪QA∪QB ,∑,δU,q0,FU) where 
 
        δU(q0,𝞮) = {q0A,q0B}, δU(q0,a) = ∅ for all a≠𝞮, 
 
        δU(q,a) = δX(q,a) for all q∈QX, X∈{A,B}, and all a,  
 
        FU = FA∪FB.
LU = LA ∪ LB.

Kleene’s 
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Let NA=(QA,∑,δA,q0A,FA) be a NFA accepting LA and 
NB=(QB,∑,δB,q0B,FB) be a NFA accepting LB (QA∩QB=∅).

Consider NC=( QA∪QB ,∑,δC,q0A,FB) where 
 
        δC(q,a) = δB(q,a) for all q∈QB, all a,   
        δC(q,a) = δA(q,a) for all q∈QA, all a≠𝞮,  
        δC(q,𝞮) = δA(q,𝞮) for all q∈QA\FA,  
        δC(q,𝞮) = δA(q,𝞮)∪{q0B} for all q∈FA.

LC = LA∘LB.

Kleene’s 
theorem
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Kleene’s 
theorem

Let NA=(QA,∑,δA,q0A,FA) be a NFA accepting LA.

Consider NS=( QA∪{q0} ,∑,δS,q0,FA∪{q0}) where  
 
        δS(q0,𝞮) = q0A, and δS(q0,a) = ∅ for all a≠𝞮,  
 
        δS(q,a) = δA(q,a) for all q∈QA\FA, all a,   
        δs(q,𝞮) = δA(q,𝞮)∪{q0A} for all q∈FA,  
        δs(q,a) = δA(q,a) for all q∈FA, all a≠𝞮.
LS = (LA)*.
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Let x and y be strings and L be a language.

Myhill-Nerode Theorem



Let x and y be strings and L be a language.



Let x and y be strings and L be a language.

We say that x and y are distinguishable by L 
if there exists a z such that xz∈L and yz∉L 
or yz∈L and xz∉L.

If x and y are indistinguishable by L we 
write x≡Ly, ( ≡L is an equivalence relation ). If 
x, y are distinguishable by L we write x≢Ly.

Myhill-Nerode Theorem
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Distinguishable Strings
011≢L1

there exists a z such that xz∈L and yz∉L.


     z=0 is such that 0110∈L while 10∉L.
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Indistinguishable Strings
011≡L010

There does not exist a z such that xz∈L and yz∉L nor yz∈L 
and xz∉L. For all z, xz and yz are both in L or neither in L.
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Let L be a language and X a set of strings.



Let L be a language and X a set of strings.

We say that X is pairwise distinguishable by 
L if ever y two elements in X are 
distinguishable by L (For all x, x’ in X, x≢Lx’).

Define the index of L to be the size of a 
m a x i m u m s et X t h at i s p a i r w i s e 
distinguishable by L. The index may be finite 
or infinite.

Myhill-Nerode Theorem
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Distinguishable Strings

While this automaton has 5 states, the index of L is only  4:


𝞮, 1, 11 and 111


111∈L while 11∉L, 111∈L while 1∉L, 111∈L while 𝞮∉L,


111∈L while 11∉L, 111∈L while 1∉L, 111∈L while 11∉L.
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Myhill-Nerode Theorem

a. If L is recognized by a DFA with k states,                
then L has index at most k.

b. If the index of L is a finite number k,                        
then it is recognized by a DFA with k states.

c. L is regular iff it has finite index.                     
This index is the size of the smallest DFA recognizing L.
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Let M be a k state DFA recognizing L.

Suppose L has index larger than k.
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Myhill-Nerode Theorem
a. If L is recognized by a DFA with k states,

then L has index at most k.

Let M be a k state DFA recognizing L.

Suppose L has index larger than k.

Some X with k+1 elements is distinguishable by 
L. But since the number of states < k+1 there 
must exist x,y in X such that δ(q0,x) = δ(q0,y). 
But then, x and y are not distinguishable. 
A contradiction.

q0
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then it is recognized by a DFA with k states.
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b. If the index of L is a finite number k,

then it is recognized by a DFA with k states.

Myhill-Nerode Theorem

Let X={s1,...,sk} be pairwise distinguishable by L.

Let Q={q1,...,qk} be the states of a DFA 
recognizing L and define δ(qi,a)=qj s.t. sj ≡L sia.

Let q0 be the qi s.t. si ≡L 𝞮.  Let F={ qi | si∈L }.

M is s.t. { s | δ(q0,s)=qi } = { s | s ≡L si }.



Myhill-Nerode Theorem
c. L is regular iff it has finite index. 
This index is the size of the smallest DFA recognizing L.

(⟹)  L is regular implies the existence of a DFA 
recognizing L. By (a), L has index at most k. 
(⟸) If L has index k then by (b) there exists a 
DFA with k states (i.e. L is regular).


As for the minimality, if the index of L is not 
the size of the minimal DFA then there exists a 
DFA with index-1 states recognizing L. But this 
is impossible by part (a).
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Minimizing via

Myhill-Nerode Theorem

Let L be a regular language. Compute the 
index of L by finding the set X of all the 
strings that are pairwise distinguishable by L. 

All strings considered as x, y, xz and yz may 
be shorter than the number of states of a 
DFA accepting L. Every string which is longer 
is equivalent to a shorter one obtained by 
pumping down.



If we consider all 63=26-1 strings of length up to 5, we get:

𝞮≡L 0≡L 00≡L 000≡L 0000≡L1000≡L1010≡L1100≡L1110≡L 

00000≡L01000≡L01010≡L01100≡L01110≡L10000≡L10010≡L10100≡L10110≡L11000≡L11010≡L11100≡L11110


1≡L 01≡L 001≡L 0001≡L 00001≡L10001≡L10101≡L11001≡L11101


10≡L11≡L 010≡L011≡L 0010≡L0011≡L 00010≡L00011


100≡L101≡L110≡L111≡L 0100≡L0101≡L0110≡L0111≡L1001≡L1011≡L1101≡L1111≡L 

00100≡L00101≡L00110≡L00111≡L01001≡L01011≡L01101≡L01111≡L10011≡L10111≡L11011≡L11111
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Computing Index



Minimizing via

Myhill-Nerode Theorem

Let L be a regular language. Compute the 
index of L by finding the set X of all the 
strings that are pairwise distinguishable by L.


Using part (b) of the Myhill-Nerode Theorem 
we construct a minimal DFA to accept L.
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Let Q={q𝞮,q1,q10,q100} be the states of a DFA recognizing L
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Minimal DFA
(b) Let X={𝞮,1,10,100} be pairwise distinguishable by L.

Let Q={q𝞮,q1,q10,q100} be the states of a DFA recognizing L

Let q𝞮 be the initial state and F={ q100 }.
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Minimal DFA
(b) Let X={𝞮,1,10,100} be pairwise distinguishable by L.

Let Q={q𝞮,q1,q10,q100} be the states of a DFA recognizing L

Let q𝞮 be the initial state and F={ q100 }.

Define δ(qw,a)=qw’ s.t. w’ ≡L wa.
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(b) Let X={𝞮,1,10,100} be pairwise distinguishable by L.

Let Q={q𝞮,q1,q10,q100} be the states of a DFA recognizing L

Let q𝞮 be the initial state and F={ q100 }.

Define δ(qw,a)=qw’ s.t. w’ ≡L wa.
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(b) Let X={𝞮,1,10,100} be pairwise distinguishable by L.

Let Q={q𝞮,q1,q10,q100} be the states of a DFA recognizing L

Let q𝞮 be the initial state and F={ q100 }.

Define δ(qw,a)=qw’ s.t. w’ ≡L wa.
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(b) Let X={𝞮,1,10,100} be pairwise distinguishable by L.

Let Q={q𝞮,q1,q10,q100} be the states of a DFA recognizing L

Let q𝞮 be the initial state and F={ q100 }.

Define δ(qw,a)=qw’ s.t. w’ ≡L wa.
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(b) Let X={𝞮,1,10,100} be pairwise distinguishable by L.

Let Q={q𝞮,q1,q10,q100} be the states of a DFA recognizing L

Let q𝞮 be the initial state and F={ q100 }.

Define δ(qw,a)=qw’ s.t. w’ ≡L wa.
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Let Q={q𝞮,q1,q10,q100} be the states of a DFA recognizing L

Let q𝞮 be the initial state and F={ q100 }.

Define δ(qw,a)=qw’ s.t. w’ ≡L wa.
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(b) Let X={𝞮,1,10,100} be pairwise distinguishable by L.

Let Q={q𝞮,q1,q10,q100} be the states of a DFA recognizing L

Let q𝞮 be the initial state and F={ q100 }.

Define δ(qw,a)=qw’ s.t. w’ ≡L wa.
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(b) Let X={𝞮,1,10,100} be pairwise distinguishable by L.

Let Q={q𝞮,q1,q10,q100} be the states of a DFA recognizing L

Let q𝞮 be the initial state and F={ q100 }.

Define δ(qw,a)=qw’ s.t. w’ ≡L wa. 

M is s.t. { s | δ(q𝞮,s)=qw } = { s | s ≡L w }.
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Application of the

Myhill-Nerode Theorem

B = { 0n1n | n≥0 } is non-regular because it has 
infinite index.


Consider the set X={ 0n | n≥0 }. It’s an infinite set 
that is pairwise distinguishable by B.


Proof: For all n, 0n is distinguishable from all 
previous 0i, 0≤i≤n-1, because there exists a z=1n 
such that  0nz∈B while 0iz∉B, 0≤i≤n-1. 
                                                      QED



Application of the

Myhill-Nerode Theorem

F = { ww | w∈∑* } is non-regular because it has 
infinite index.


Consider the set X={ 0n1 | n≥0 }. It’s an infinite set 
that is pairwise distinguishable by F.


Proof: For all n, 0n1 is distinguishable from all 
previous 0i1, 0≤i≤n-1, because there exists a z=0n1 
such that 0n1z∈B while 0i1z∉B, 0≤i≤n-1. 
                                                      QED
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Regular Expressions vs 
Regular Languages



Let RA generating LA. 

If RA is a symbol “a” then use                       .


If RA is “𝞮” then use            .


             If RA is “∅” then use            .


If RA is R1 ∪ R2 then use Thm 1.45 and recursively use 
N1 and N2 s.t. L(N1) = L(R1) and L(N2) = L(R2).


If RA is R1 ∘ R2 then use Thm 1.47 and recursively use 
N1 and N2 s.t. L(N1) = L(R1) and L(N2) = L(R2).

If RA is R* then use Thm 1.49 and recursively use N s.t. 
L(N)=L(R).

Regular Expressions 
generate Reg. Languages

a



Automata recognize 
Regular Expressions



Generalized NFA



Example of GNFA

q1

q2
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Generalized NFA



Let G = (Q,∑,δ,qstart,qaccept) be a generalized 
nondeterministic finite state automaton and 
let w=w1w2...wn (n≥0) be a string where each 
sub-string wi∈∑*.


G accepts w if ∃ s0,s1,...,sn s.t. 
    1. s0 = qstart  
   2. wi ∈ L( δ(si-1,si) )    for i = 1 ... n, and 
   3. sn = qaccept

Definition 
of GNFA
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Example NFA→GNFA

N1

G1

𝞮qstart

𝞮

qacc

0∪1

0∪𝞮

0∪1



DFA → GNFA → Reg. Exp.

N+2N N+1

. . .



Ripping a state



GNFA→ 
Reg. Exp.



GNFA → Reg. Expression

“equivalent” means L( CONVERT(G) ) = L(G)



DFA → GNFA → Reg. Exp.

N+2N N+1

. . .



Application of the

Myhill-Nerode Theorem
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Application of the

Myhill-Nerode Theorem

Given two regular expressions R and R’ we can 
find out whether they generate the same 
regular language or not :

1. From R and R’, compute NFAs N and N’ 
accepting L(R) and L(R’) (Lemma 1.55).

2.Compute equivalent DFAs M and M’ (Thm 1.39).

3. Using part (b) of Myhill-Nerode we construct 
minimal DFAs W for M and W’ for M’.

4. L(R)=L(R’) iff W≈W’ 
   (≈ means "identical up to state renaming").



Regular and non-Regular 
Languages
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footnote 3 page 46:
Let MA=(QA,∑,δA,q0A,FA) be a DFA accepting LA 
and MB=(QB,∑,δB,q0B,FB) be a DFA accepting LB.

Consider MU=(QAxQB,∑,δU,(q0A,q0B),FU) where 
     δU((q,q’),s) = ( δA(q,s), δB(q’,s) ) for all q,q’,s 
and  
     FU = (FA × QB) ∪ (QA × FB).

LU = LA∪LB.

FU = FA × FB would yield the intersection 
(and not the union) of LA and LB. 
This proves that the class of regular 
languages is also closed under intersection.

footnote 3 page 46:



NON-Regular Languages

B = { 0n1n | n≥0 }


C = { w | w contains an equal number of 0’s 
and 1’s }


D = { w | w contains an equal number of 
occurrences of 01 and 10 as sub-strings }
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NON-Regular Languages

B = { 0n1n | n≥0 }


C = { w | w contains an equal number of 0’s 
and 1’s }


D = { w | w contains an equal number of 
occurrences of 01 and 10 as sub-strings }

NON-Reg
ular

NON-Reg
ular

Regu
lar
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languages

we can  
describe

Regular

Languages



NON-Regular Languages

Theorem: Some languages are not regular. 
 
Proof idea: all regular languages have 
certain properties. Some languages provably 
do not have one of these properties.



All languages

Computability 
Theory

Regular

Languages

NON-Regular Languages

via Pumping Lemma

NON-Regular

Languages


via Reductions

languages

we can  
describe



Reductions
If C is regular then so is B.


Proof: Regular languages are closed under 
intersection (see footnote 3 page 46). Define   
A = L(0*1*). Obviously A is regular. If C was 
regular then so would C∩A = B.  
                                                QED


If B is NON-regular then so is C.

B = { 0n1n | n≥0 }


C = { w | w contains an equal number of 0’s and 1’s }



Reductions

If A is regular then so is A’.


Regular laguages are closed under complement 
(see ex. 1.14), intersection, union, concatenation 
and star. If there exists R, a regular language, 
such that either AC=A’, A*=A’, A∩R=A’, A∪R=A’, 
A∘R=A’ or any combinations of these 
operations then A’ is regular as long as A is.


If A’ is NON-regular then so is A.



Simple Reductions

If A* is NON-regular then so is A.


If A is NON-regular then so is AC.


If A is NON-regular then so is AR.



Complex Reductions

Let A’= (A∪R)∩(AC∪R’)            (R,R’ regular)


Let A’= ((AC∩R)∪(A*∩R’))∘R’’    (R,R’,R’’ regular)


Let A’= (A∘R)∩(AC∘R’)            (R,R’ regular)


If A’ is NON-regular then so is A.



NON-Regular Languages

Theorem: Some languages are not regular. 
 
Proof idea: all regular languages have 
certain properties. Some languages provably 
do not have one of these properties.


Example: A property of all regular languages 
= the Pumping Lemma.



Pumping Lemma

Michael Rabin Dana Scott



NON-Regular Languages

Application: any language that does not 
satisfy the pumping lemma is non-regular.


Note however that some non-regular 
languages DO satisfy the Pumping Lemma...



Pumping Lemma
If |xyz|>number-of-states then q9 exists...



|   |
|  |



A∈ℝ𝔼𝔾 ⟹ 
∃p∀s∈A, |s|≥p, ∃xyz=s st 1,2,3=true.

|   |
|  |



A∈ℝ𝔼𝔾 ⟹ 
∃p∀s∈A, |s|≥p, ∃xyz=s st 1,2,3=true.

|   |
|  |

∀p∃s∈A, |s|≥p, ∀xyz=s [1 or 2 or 3 = false]. 
⟹ A∉ℝ𝔼𝔾



A∈ℝ𝔼𝔾 ⟹ 
∃p∀s∈A, |s|≥p, ∃xyz=s st 1,2,3=true.

|   |
|  |

∀p∃s∈A, |s|≥p, ∀xyz=s [1 or 2 or 3 = false]. 
⟹ A∉ℝ𝔼𝔾

∀p∃s∈A, |s|≥p, ∀xyz=s st 2,3=true [1=false]. 
⟹ A∉ℝ𝔼𝔾



A∈ℝ𝔼𝔾 ⟹ 
∃p∀s∈A, |s|≥p, ∃xyz=s st 1,2,3=true.

∀p∃s∈A, |s|≥p, ∀xyz=s s.t. |y|>0,|xy|≤p,  
then ∃i≥0 s.t. s’=xyiz∉A. 

⟹ A∉ℝ𝔼𝔾

|   |
|  |

∀p∃s∈A, |s|≥p, ∀xyz=s [1 or 2 or 3 = false]. 
⟹ A∉ℝ𝔼𝔾

∀p∃s∈A, |s|≥p, ∀xyz=s st 2,3=true [1=false]. 
⟹ A∉ℝ𝔼𝔾



Application of 
the Pumping Lemma

B = { 0n1n | n≥0 } is NON-Regular.


Assume B is regular. Then by the pumping 
Lemma there exists a pumping length p with 
properties 1., 2. and 3. satisfied. Take n=p 
and set s = 0p1p∈B. Then by 3. xy contains 
only zeros. Therefore if we pump even once 
to obtain s’ = xyyz = 0q1p it will contain more 
zeros than ones (q>p) : a string s’ not in B. 
Thus B is non-regular.



Application of 
the Pumping Lemma

B = { 0n1n | n≥0 } is NON-Regular.


Assume B is regular. Then by the pumping 
Lemma there exists a pumping length p with 
properties 1., 2. and 3. satisfied. Take n=p 
and set s = 0p1p∈B. Then by 3. xy contains 
only zeros. Therefore if we pump even once 
to obtain s’ = xyyz = 0q1p it will contain more 
zeros than ones (q>p) : a string s’ not in B. 
Thus B is non-regular.

∀p∃s∈B, |s|≥p, ∀xyz=s s.t. |y|>0,|xy|<p,  
then ∃i≥0 s.t. s’=xyiz∉B. 

⟹ B∉ℝ𝔼𝔾



Application of 
the Pumping Lemma

F = { ww | w∈∑* } is NON-Regular.


Assume F is regular. Then by the pumping 
Lemma there exists a pumping length p with 
properties 1., 2. and 3. satisfied. Take 
s=0p10p1∈F. Then by 3. xy contains only zeros. 
Therefore if we pump even once to obtain 
s’=xyyz it will contain more zeros before the 
first one than after the first one : a string s’ 
not in F. Thus F is non-regular.



Application of 
the Pumping Lemma

F = { ww | w∈∑* } is NON-Regular.


Assume F is regular. Then by the pumping 
Lemma there exists a pumping length p with 
properties 1., 2. and 3. satisfied. Take 
s=0p10p1∈F. Then by 3. xy contains only zeros. 
Therefore if we pump even once to obtain 
s’=xyyz it will contain more zeros before the 
first one than after the first one : a string s’ 
not in F. Thus F is non-regular.

∀p∃s∈F, |s|≥p, ∀xyz=s s.t. |y|>0,|xy|<p,  
then ∃i≥0 s.t. s’=xyiz∉F. 

⟹ F∉ℝ𝔼𝔾



Application of 
the Pumping Lemma

E = { 0i1j | i>j≥0 } is NON-Regular.


Assume E is regular. Then by the pumping 
Lemma there exists a pumping length p with 
properties 1., 2. and 3. satisfied. Take i=p+1, 
j=p and obtain s=0p+11p∈E. Then by 3. xy 
contains only zeros.



Application of 
the Pumping Lemma

E = { 0i1j | i>j≥0 } is NON-Regular.


Assume E is regular. Then by the pumping 
Lemma there exists a pumping length p with 
properties 1., 2. and 3. satisfied. Take i=p+1, 
j=p and obtain s=0p+11p∈E. Then by 3. xy 
contains only zeros.

∀p∃s∈E, |s|≥p, ∀xyz=s s.t. |y|>0,|xy|<p,  
then ∃i≥0 s.t. s’=xyiz∉E. 

⟹ E∉ℝ𝔼𝔾



Application of 
the Pumping Lemma

E = { 0i1j | i>j≥0 } is NON-Regular.


Therefore if we pump up to obtain 
s’=xyyz=0k1j , k>i it will contain even more 
zeros than ones, which is still a string s’ in 
E. If we pump down however s’’=xz, the 
number of zeros will become smaller or 
equal to the number of ones: an s’’ not in E. 
Thus E is non-regular.



Application of 
the Pumping Lemma

E = { 0i1j | i>j≥0 } is NON-Regular.


Therefore if we pump up to obtain 
s’=xyyz=0k1j , k>i it will contain even more 
zeros than ones, which is still a string s’ in 
E. If we pump down however s’’=xz, the 
number of zeros will become smaller or 
equal to the number of ones: an s’’ not in E. 
Thus E is non-regular.

∀p∃s∈E, |s|≥p, ∀xyz=s s.t. |y|>0,|xy|<p,  
then ∃i≥0 s.t. s’’=xyiz∉E. 

⟹ E∉ℝ𝔼𝔾



NON-Application of 
the Pumping Lemma

c. The Pumping Lemma says: if A is regular then 1., 
2. and 3. are satisfied. It does not say: if A is not 
regular then 1., 2. or 3. is not satisfied... We can only 
conclude the opposite: if 1., 2. or 3. is not satisfied 
then A is not regular...



Application of 
the Pumping Lemma

D = { 1n² | n≥0 } is NON-Regular.


Assume D is regular. Then by the pumping Lemma 
there exists a pumping length p with properties 
1., 2. and 3. satisfied. Take n=p and obtain s=1p². 
Let i=|y|≤p. If we pump up we get s’’=xyyz=1p²+i. 
Is it possible that both p² and p²+i be perfect 
squares ? No! The next square after p is  
         (p+1)² = p²+2p+1 > p²+p+1 > p²+i  
proving that s’’ is not in D. So D is non-regular.



Application of 
the Pumping Lemma

D = { 1n² | n≥0 } is NON-Regular.


Assume D is regular. Then by the pumping Lemma 
there exists a pumping length p with properties 
1., 2. and 3. satisfied. Take n=p and obtain s=1p². 
Let i=|y|≤p. If we pump up we get s’’=xyyz=1p²+i. 
Is it possible that both p² and p²+i be perfect 
squares ? No! The next square after p is  
         (p+1)² = p²+2p+1 > p²+p+1 > p²+i  
proving that s’’ is not in D. So D is non-regular.

∀p∃s∈D, |s|≥p, ∀xyz=s s.t. |y|>0,|xy|<p,  
then ∃i≥0 s.t. s’’=xyiz∉D.  

⟹ D∉ℝ𝔼𝔾
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