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CCllaauuddee CCrrééppeeaauu

SScchhooooll ooff CCoommppuutteerr SScciieennccee
MMccGGiillll UUnniivveerrssiittyy

an Introduction to
Quantum

Information Processing
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((11))
QQuuaannttuumm IInnffoorrmmaattiioonn
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Photons
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Photons
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Photons
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θ +=

BBiittss && QQuuBBiittss

00::

11::

Cosθ Sinθ

+= C0 C1|Ψ〉

0000::

0011::

1100::

1111::

+= C00|Ψ〉
+C01
+C10

C11

Ci,Cij∈CC_
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standard notations

BBaassiiss vveeccttoorrss:: ||00〉〉 aanndd ||11〉〉
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standard notations

BBaassiiss vveeccttoorrss:: ||00〉〉 aanndd ||11〉〉

AArrbbiittrraarryy ssttaatteess:: ||ψψ〉〉==αα||00〉〉++ββ||11〉〉
ssuucchh tthhaatt ||αα||22++||ββ||22==11

α,β ∈CC_
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standard notations

BBaassiiss vveeccttoorrss:: ||00〉〉 aanndd ||11〉〉

AArrbbiittrraarryy ssttaatteess:: ||ψψ〉〉==αα||00〉〉++ββ||11〉〉
ssuucchh tthhaatt ||αα||22++||ββ||22==11

AArrbbiittrraarryy mmuullttii--ssttaatteess::

||ψψ〉〉==αα||0000〉〉++ββ||0011〉〉++δδ||1100〉〉++γγ||1111〉〉

ssuucchh tthhaatt ||αα||22++||ββ||22++||δδ||22++||γγ||22==11

α,β,δ,γ∈CC_
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standard notations
CCoonnjjuuggaattee:: iiff ||ψψ〉〉==αα||00〉〉++ββ||11〉〉==((αα

ββ))
tthheenn 〈〈ψψ||==αα**〈〈00||++ββ**〈〈11||==((αα** ββ**))
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standard notations
CCoonnjjuuggaattee:: iiff ||ψψ〉〉==αα||00〉〉++ββ||11〉〉==((αα

ββ))
tthheenn 〈〈ψψ||==αα**〈〈00||++ββ**〈〈11||==((αα** ββ**))

SSccaallaarr pprroodduucctt:: 〈〈ψψ||φφ〉〉==〈〈ψψ||••||φφ〉〉

〈〈00||00〉〉==〈〈11||11〉〉==11 aanndd 〈〈00||11〉〉==〈〈11||00〉〉==00



©© CCllaauuddee CCrrééppeeaauu 22000022--22000088 1122

standard notations
CCoonnjjuuggaattee:: iiff ||ψψ〉〉==αα||00〉〉++ββ||11〉〉==((αα

ββ))
tthheenn 〈〈ψψ||==αα**〈〈00||++ββ**〈〈11||==((αα** ββ**))

SSccaallaarr pprroodduucctt:: 〈〈ψψ||φφ〉〉==〈〈ψψ||••||φφ〉〉

〈〈00||00〉〉==〈〈11||11〉〉==11 aanndd 〈〈00||11〉〉==〈〈11||00〉〉==00

TTeennssoorr pprroodduucctt:: ||φφ〉〉〈〈ψψ||==||φφ〉〉••〈〈ψψ||

||00〉〉〈〈00||==((11
00

00
00)) ||00〉〉〈〈11||==((00

00
11
00))...... ||11〉〉〈〈11||==((00

00
00
11))
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((22))
QQuuaannttuumm MMeeaassuurreemmeennttss
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Polarizing Filter
optical axis
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Polarizing Filter
and photodetectors

θθ ccooss22 θθ

ccooss θθ

θθ ssiinn22 θθ

ssiinn θθ
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Photons
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+= C00|Ψ〉 +C01 +C10 C11

|Ψ〉

|C00|2

Projective Measurements

|C01|2

|C10|2

|C11|2
Σ|Cij|

2=1
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standard notations

PPrroojjeeccttoorr:: ((ssttaattee)) PPψψ ==||ψψ〉〉〈〈ψψ||
((ssppaaccee)) PP == ΣΣ PPii wwhheerree PPiiPPii’’ == δδii,,ii’’ PPii
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standard notations

PPrroojjeeccttoorr:: ((ssttaattee)) PPψψ ==||ψψ〉〉〈〈ψψ||
((ssppaaccee)) PP == ΣΣ PPii wwhheerree PPiiPPii’’ == δδii,,ii’’ PPii

MMeeaassuurreemmeenntt:: {{ PPmm }}
ΣΣ PPmm == II,, PPmmPPmm’’ == δδmm,,mm’’ PPmm
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standard notations

PPrroojjeeccttoorr:: ((ssttaattee)) PPψψ ==||ψψ〉〉〈〈ψψ||
((ssppaaccee)) PP == ΣΣ PPii wwhheerree PPiiPPii’’ == δδii,,ii’’ PPii

MMeeaassuurreemmeenntt:: {{ PPmm }}
ΣΣ PPmm == II,, PPmmPPmm’’ == δδmm,,mm’’ PPmm

MMeeaassuurriinngg:: PPrr[[mm]]==〈〈φφ||PPmm||φφ〉〉
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standard notations

PPrroojjeeccttoorr:: ((ssttaattee)) PPψψ ==||ψψ〉〉〈〈ψψ||
((ssppaaccee)) PP == ΣΣ PPii wwhheerree PPiiPPii’’ == δδii,,ii’’ PPii

MMeeaassuurreemmeenntt:: {{ PPmm }}
ΣΣ PPmm == II,, PPmmPPmm’’ == δδmm,,mm’’ PPmm

MMeeaassuurriinngg:: PPrr[[mm]]==〈〈φφ||PPmm||φφ〉〉

RReessuullttiinngg:: PPmm||φφ〉〉//√√ PPrr[[mm]]
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example
PPrroojjeeccttoorrss:: PP00 ==||00〉〉〈〈00||==((11

00
00
00))

PP11 ==||11〉〉〈〈11||==((00
00

00
11))
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example
PPrroojjeeccttoorrss:: PP00 ==||00〉〉〈〈00||==((11

00
00
00))

PP11 ==||11〉〉〈〈11||==((00
00

00
11))

MMeeaassuurreemmeenntt:: {{ PP00,,PP11 }}
ΣΣ PPmm == II,, PP00PP11 == PP11PP00 == 00
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example
PPrroojjeeccttoorrss:: PP00 ==||00〉〉〈〈00||==((11

00
00
00))

PP11 ==||11〉〉〈〈11||==((00
00

00
11))

MMeeaassuurreemmeenntt:: {{ PP00,,PP11 }}
ΣΣ PPmm == II,, PP00PP11 == PP11PP00 == 00

MMeeaassuurriinngg:: PPrr[[mm]]==〈〈φφ||PPmm||φφ〉〉

αα**〈〈00||++ββ**〈〈11|| PP00 αα||00〉〉++ββ||11〉〉==αα**αα==||αα||22

αα**〈〈00||++ββ**〈〈11|| PP11 αα||00〉〉++ββ||11〉〉==ββ**ββ==||ββ||22
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((33))
QQuuaannttuumm CCoommppuuttaattiioonnss
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Calcite Crystal

optical axis

optical axis
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ccooss θθ

ssiinn θθ

Calcite Crystal

θθ
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Photons
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+C0 C1

|Ψ〉 U |Ψ'〉

Quantum Evolution:
Unitary Operators

U |Ψ0〉
U |Ψ1〉
U +C0 C1|Ψ0〉 |Ψ1〉
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standard notations

UUnniittaarryy OOppeerraattoorrss:: UU††UU==UUUU††==II
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standard notations

UUnniittaarryy OOppeerraattoorrss:: UU††UU==UUUU††==II

lliinneeaarr:: UU((αα||00〉〉++ββ||11〉〉)) == ααUU||00〉〉++ββUU||11〉〉
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standard notations

UUnniittaarryy OOppeerraattoorrss:: UU††UU==UUUU††==II

lliinneeaarr:: UU((αα||00〉〉++ββ||11〉〉)) == ααUU||00〉〉++ββUU||11〉〉

pprreesseerrvveess ssccaallaarr pprroodduuccttss::

((〈〈ψψ||UU††))((UU||φφ〉〉))
== 〈〈ψψ||UU††UU||φφ〉〉 == 〈〈ψψ||II||φφ〉〉 == 〈〈ψψ||φφ〉〉
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example: Hadamard

||00〉〉 H (( ||00〉〉++ ||11〉〉))//√22

||11〉〉 H (( ||00〉〉−− ||11〉〉))//√22

H == 11//√22 (( ))11 11
11 −−11
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||00〉〉

||00〉〉

example: Control-NOT
||00〉〉

||00〉〉

||00〉〉

||11〉〉

||00〉〉

||11〉〉

||11〉〉

||00〉〉

||11〉〉

||11〉〉

||11〉〉

||11〉〉

||11〉〉

||00〉〉

==(( ))1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0
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((44))
GGeenneerraall MMeeaassuurreemmeennttss
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Calcite Crystal
and photodetectors

θθ

ssiinn22 θθ

ccooss22 θθ

ccooss θθ

ssiinn θθ
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standard notations

MMeeaassuurreemmeenntt:: {{ PPmm UU }}::((llaarrggeerr ssttaattee))
ΣΣ PPmm == II,, PPmmPPmm’’ == δδmm,,mm’’ PPmm
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standard notations

MMeeaassuurreemmeenntt:: {{ PPmm UU }}::((llaarrggeerr ssttaattee))
ΣΣ PPmm == II,, PPmmPPmm’’ == δδmm,,mm’’ PPmm

MMeeaassuurriinngg::
PPrr[[mm]]==〈〈00nn||〈〈φφ|| UU†† PPmm UU ||φφ〉〉||00nn〉〉
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standard notations

MMeeaassuurreemmeenntt:: {{ PPmm UU }}::((llaarrggeerr ssttaattee))
ΣΣ PPmm == II,, PPmmPPmm’’ == δδmm,,mm’’ PPmm

MMeeaassuurriinngg::
PPrr[[mm]]==〈〈00nn||〈〈φφ|| UU†† PPmm UU ||φφ〉〉||00nn〉〉

RReessuullttiinngg:: PPmmUU||φφ〉〉||00nn〉〉//√√PPrr[[mm]]
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1/2

Calcite crystal
& Photodetection

1/2
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1/2

Calcite crystal
& Photodetection

1/2
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POSSIBLE!

θ
θ
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θ θ
θ

θ
θ

IMPOSSIBLE!
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QQuuaannttuumm

CCllaassssiiccaall & Quantum Information
0000111100111111000000111100 CCllaassssiiccaall

CCooppyyiinngg:: YYeess NNOO

MMeeaassuurriinngg:: YYeess ppaarrttiiaall

BBrrooaaddccaassttiinngg:: YYeess NNOO

SSuuppeerrppoossiinngg:: NNOO YYeess

IInntteerrffeerriinngg:: NNOO YYeess
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((55))
QQuuaannttuumm EEnnttaanngglleemmeenntt
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EPR

|¿?〉 = 1/√2 |01〉 − 1/√2 |10〉
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Einstein
Podolsky

Rosen
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Einstein
Podolsky

Rosen
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Einstein
Podolsky

Rosen
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Einstein
Podolsky

Rosen
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((66))
QQuuaannttuumm TTeelleeppoorrttaattiioonn
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||ψψ〉〉

?

Sending a qubit to an unknown location...?
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||ψψ〉〉

||ψψ〉〉

two classical bits

EPR
2 km

QQuuaannttuumm tteelleeppoorrttaattiioonn
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classical message

||ψψ〉〉

||ψψ〉〉

AA

BB

EPR

QQuuaannttuumm ““bbrrooaaddccaassttiinngg””
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||ψψ〉〉

||00〉〉

||00〉〉

||ψψ〉〉

H

H

H H
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||ψψ〉〉

||00〉〉

||00〉〉

H

H

||ψψ〉〉||00〉〉 ||00〉〉
||ψψ〉〉((||00〉〉++||11〉〉)) ||00〉〉H

||ψψ〉〉((||00〉〉 ||00〉〉++||11〉〉||11〉〉))

((αα||00〉〉++ββ||11〉〉))((||0000〉〉++||1111〉〉))

αα||00〉〉||0000〉〉++αα||00〉〉||1111〉〉++ββ||11〉〉||0000〉〉++ββ||11〉〉||1111〉〉

αα||00〉〉||0000〉〉++αα||00〉〉||1111〉〉++ββ||11〉〉||1100〉〉++ββ||11〉〉||0011〉〉

αα((||00〉〉++||11〉〉)) ||0000〉〉++αα((||00〉〉++||11〉〉)) ||1111〉〉++ββ((||00〉〉−−||11〉〉)) ||1100〉〉++ββ((||00〉〉−−||11〉〉)) ||0011〉〉H

||0000〉〉((αα||00〉〉++ββ||11〉〉))++||0011〉〉((αα||11〉〉++ββ||00〉〉))++||1100〉〉((αα||00〉〉−−ββ||11〉〉))++||1111〉〉((αα||11〉〉−−ββ||00〉〉))

||xy〉〉((αα||y〉〉++((−11))xββ||¬¬y〉〉))

x

y
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||xy〉〉 ||ψψ〉〉

||ψψ〉〉 H H

||xy〉〉((αα||y〉〉++((−11))xββ||¬¬y〉〉))
||xy〉〉((αα||00〉〉++((−11))xββ||11〉〉))

H ||xy〉〉((αα((||00〉〉++||11〉〉))++((−11))xββ((||00〉〉−−||11〉〉))))

||xy〉〉((αα((||x〉〉++||¬¬x〉〉))++((−11))xββ((||x〉〉−−||¬¬x〉〉))))

||xy〉〉((αα(([[ ||00〉〉++((−11))x ||11〉〉]]++[[||00〉〉++((−11))¬¬x ||11〉〉]]))
++((−11))xββ(([[ ||00〉〉++((−11))x ||11〉〉]]−−[[||00〉〉++((−11))¬¬x ||11〉〉]]))))

||xy〉〉((αα||00〉〉++ββ||11〉〉))

H

y

x
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aabb

aa

bb

H

H

H H
σx =

0 1

1 0






,σ z =

1 0

0 −1







1⁄4 : |Ψ〉
1⁄4 : σx|Ψ〉
1⁄4 : σz|Ψ〉
1⁄4 : σxσz|Ψ〉

»»

SSuummmmaarryy
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((77))
QQuuaannttuumm FFaaccttoorriinngg
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Quantum Superposition

+
+

+
+

+

+
+

+

+
+

+

+
+

+

+

+
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Quantum Superposition
+

+
+

+

+
+

+

+
+

+

+

+

F F( ) F F( )

+

+
+

+

+
+

+

+
+

+

+

+

F( )
F( )
F( )
F( )
F( )
F( )
F( )

F( )
F( )
F( )
F( )
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QQuuaannttuumm FFaaccttoorriinngg

GGiivveenn nn==ppqq aanndd φφ((nn))==((pp--11))((qq--11))

iitt iiss eeaassyy ttoo ffiinndd pp aanndd qq bbeeccaauussee

φφ((nn)) == ((pp--11))((qq--11)) == ppqq--pp--qq++11 == nn--pp--((nn//pp))++11

pp++((nn//pp))++nn--φφ((nn))++11 == 00

pp22++((nn--φφ((nn))++11))pp++nn == 00 hhaass ssoolluuttiioonnss::

pp == ((--bb±±√√44aacc))//22aa ((aa==11,, bb==nn--φφ((nn))++11,, cc==nn))
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QQuuaannttuumm FFaaccttoorriinngg

EEuulleerr’’ss tthheeoorreemm

aaφφ((nn)) mmoodd nn == 11

--------------------------------------------------------------

FF((aa,,rr,,nn))::==((aarr mmoodd nn,,rr,,nn))
FF((aa,,rr,,nn))::==(( ,,rr,,nn))

FF((aa,,kkφφ((nn)),,nn))::==(( ,,kkφφ((nn)),,nn))
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QQuuaannttuumm FFaaccttoorriinngg
FF((aa,,rr,,nn))::==((aarr mmoodd nn,,rr,,nn))

FF((aa11,,rr,,nn))::==(( ,,rr,,nn))
FF((aa22,,rr,,nn))::==(( ,,rr,,nn))

......
FF((aaii,,rr,,nn))::==(( ,,rr,,nn))

bbuutt ..
FF((aa11,,kkφφ((nn)),,nn))::==(( ,,kkφφ((nn)),,nn))
FF((aa22,,kkφφ((nn)),,nn))::==(( ,,kkφφ((nn)),,nn))

......
FF((aaii,,kkφφ((nn)),,nn))::==(( ,,kkφφ((nn)),,nn))
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QQuuaannttuumm FFaaccttoorriinngg
FF((aa,,rr,,nn))::==((aarr mmoodd nn,,rr,,nn))

FF((**,,rr,,nn))::==(( ,,rr,,nn))
.. ==(( ,,rr,,nn))

bbuutt ..
FF((**,,kkφφ((nn)),,nn))::==(( ,,kkφφ((nn)),,nn))
FF((**,,kkφφ((nn)),,nn))::==(( ,,kkφφ((nn)),,nn))
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QQuuaannttuumm FFaaccttoorriinngg
(( ,,11,,nn))
(( ,,22,,nn))
(( ,,33,,nn))

......
(( ,,φφ((nn))--11,,nn))
(( ,,φφ((nn)),,nn))

(( ,,φφ((nn))++11,,nn))
......

(( ,,kkφφ((nn)),,nn))
(( ,,φφ((nn))++11,,nn))

......
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QQuuaannttuumm FFaaccttoorriinngg
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CCoonnssttrruucctt tthhee ssuuppeerrppoossiittiioonn
ffoorr aallll rr aanndd aallll aa ooff

((aarr mmoodd nn,,rr,,nn))

mmeeaassuurree rr,, aanndd wwiitthh hhiigghh
pprroobbaabbiilliittyy rr==kkφφ((nn))
ffoorr ssoommee iinntteeggeerr kk

rreeppeeaatt ttoo oobbttaaiinn rr’’==kk’’φφ((nn))
ggccdd((rr,,rr’’)) == φφ((nn))..

QQuuaannttuumm FFaaccttoorriinngg
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CCllaauuddee CCrrééppeeaauu

SScchhooooll ooff CCoommppuutteerr SScciieennccee
MMccGGiillll UUnniivveerrssiittyy

an Introduction to
Quantum

Information Theory
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